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SUMMARY

In this paper, we present a novel nodal integration scheme for meshfree Galerkin methods that draws on the
mathematical framework of the virtual element method. We ad opt linear maximum-entropy basis functions

for the discretization of eld variables, although the prop osed scheme is applicable to any linear meshfree

Correspondence to: A. Ortiz-Bernardin, Department of Mech  anical Engineering, Universidad de Chile, Av. Beauchef

851, Santiago 8370456, Chile. E-mail: aortizb@uchile.cl


aortizb@uchile.cl

2 SILVA-VALENZUELA ET AL.

approximant. In our approach, the weak form integrals are no dally integrated using nodal representative cells
that carry the nodal displacements and state variables such as strains and stresses. The nodal integration
is performed using the virtual element decomposition, wherein the bilinear form is decomposed into a
consistency part and a stability part that ensure consisten cy and stability of the method. The performance

of the proposed nodal integration scheme is assessed throug benchmark problems in linear and nonlinear
analyses of solids for small displacements and small-stran kinematics. Numerical results are presented
for linear elastostatics and linear elastodynamics, and viscoelasticity. We demonstrate that the proposed
nodally integrated meshfree method is accurate, convergesoptimally, and is more reliable and robust than

a standard cell-based Gauss integrated meshfree method.

key words: nodal integration, meshfree Galerkin methods, maximum-entropy approximants, virtual
element method, patch test, stability

1. INTRODUCTION

Meshfree Galerkin methods are based on the weak form where theld variables are discretized using
basis functions associated with a set of scattered nodes that ptition the domain of analysis. Since
the inception of the element-free Galerkin method 1], e cient and accurate numerical integration of
the weak form integrals has attracted broad attention in meshfree Galerkin methods. The di erent
numerical integration techniques that exist for meshfree Galerkinmethods can be grouped into two
main approaches: cell integration and nodal integration techniqus. Nodal integration in meshfree
methods is attractive since state variables (strains, stressesa internal variables) can be stored at
the nodes, thereby avoiding the need for remapping algorithms at itegration points that arise in
traditional Lagrangian nite element large deformation simulations with remeshing. In the optimal
transportation meshfree method P], remeshing is avoided by using the integration points as the

carriers of material state information in tandem with changes in the support of the basis functions
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to enable Lagrangian nite deformation simulations. In the material point method [3], integration
points of an initial grid (usually, a Cartesian grid) carry the material state variables and the solution
stage occurs in three phases: (a) information is mapped from paidles to grid nodes; (b) equations of
motion are solved on the grid nodes, and the updated information is rapped back to the particles to
update their positions and velocities; and (c) the grid is reset. In this process, the mesh remains xed
throughout the simulation, and the deformation causes the materal points to move within other
cells in the grid. In this paper, we use the virtual element decomposibn [4] and follow Reference }|
to devise an accurate and stable nodally integrated meshfree metid for linear elastostatics and
linear elastodynamics, as well as nonlinear viscoelasticity.

The most simple cell integration technique requires the constructio of nonoverlapping cells on
which standard Gauss integration is performed. However, this intgration scheme is inexact due to
the following two properties of meshfree basis functionsd]: (1) They are nonpolynomial functions;
and (2) in general, the region that is de ned by the intersecting sugports of two overlapping nodal
basis functions does not coincide with the integration cell. These aréwo issues that often lead
to consistency errors (patch test is not passed) and stability prdblems due to underintegration.
Various approaches have been put forth in meshfree Galerkin metids to address integration errors
on cells. For instance, higher-order tensor-product Gauss quadture is adopted in the element-free
Galerkin method [1, 6], whereas the support of the nodal basis functions is used as theothain
of integration in the meshless local Petrov-Galerkin method 7] and also in the method of nite
spheres 8]. More details on cell-based integration schemes in meshfree Galerkinethods can be
found in Ortiz-Bernardin et al. [ 5].

Nodal integration techniques perform the integration of the weakform integrals by sampling them

at the nodes. This approach requires the construction of nodal ells that represent the volume of
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the integrals being sampled at the nodes. Nodal integration techniges are also prone to integration
errors and require to be stabilized. A direct nodal integration (1-point) scheme leads to rank
instabilities because meshfree basis functions have zero or nearlgrp derivatives at the nodes.
In an e ort to stabilize the rank instability, Beissel and Belytschko [ 9] introduced a least-squares
residual-based method where the second-order derivatives stidlze the rank instability. With the
aim of computing nodal derivatives away from the nodes to avoid rak instabilities, Chen et al. [10]
devised a strain smoothing procedure known as stabilized conformgnnodal integration (SCNI)
approach, which is the cornerstone of various meshfree nodal-bad [L1{ 13] and cell-based 14{16]
integration methods, and even smoothed nite element methods17]. Another method to compute
derivatives away from the nodes is the stress-point method, whichwas rst introduced in the
smoothed particle hydrodynamics (SPH) meshfree method1[g]. Although the SCNI approach [10]
suppresses the rank instability and provides patch test satisfadgon, instabilities due to nonzero low-
energy modes are still encounteredl?]. Puso et al. [L2] proposed a penalty stabilization to stabilize
the SCNI method. Hillman and Chen [19] combined the arbitrary order variationally consistent
meshfree nodal integration framework 13] with a stabilization method devised from an implicit
gradient expansion of the strains at the nodes. The resulting methd is rst-order variationally
consistent and stable, and unlike the stabilization method of Puso etl. [12], it is devoid of tunable
parameters.

Recently, the virtual element method [4, 20] (VEM) has been proposed, where an exact algebraic
construction of the sti ness matrix is realized without the explicit co nstruction of basis functions
(basis functions are deemed asirtual ). In the VEM, the sti ness matrix is decomposed into two
parts: a consistent term that reproduces a given polynomial spae and a correction term that

provides stability. Such a decomposition (herein referred to as thevirtual element decomposition)
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is formulated in the spirit of the Lax equivalence theorem (consisteay + stability ! convergence)
for nite-di erence schemes and is su cient for the method to pass the patch test. In polygonal

and polyhedral nite elements, Talischi and Paulino [21], Gain et al. [22] and Manzini et al. [23]

have used the virtual element decomposition to pass the patch tesThe VEM can be viewed as
a stabilized Galerkin method on polytopal meshesZ4]. For meshfree Galerkin methods with cell-
based integration, Ortiz-Bernardin et al. [5] used the virtual element decomposition to develop a
method for linear elastostatics that is consistent and stable.

In this paper, on using the virtual element decomposition, a novel neshfree nodal integration
technique for linear and nonlinear analyses of solids for small displaogents and small-strain
kinematics is presented. In particular, linear elastostatics, linear &astodynamics and viscoelasticity
are considered. We use the acronym NIVED to refer to this method The distinctions and
contributions of the present work visa-vis our prior work on meshfree Galerkin methods using

the virtual element decomposition ] are as follows:

focus herein is on nodal integration, whereas Gauss-like integratioscheme is used in Ortiz-
Bernardin et al. [5];

we develop the method for linear (static and dynamic) and nonlinear aalyses of solids for
small displacements and small-strain kinematics, whereas only linearl&stostatics is treated
in the prior work; and

unlike the prior work, the stabilization of the sti ness matrix in the no dal integration method

does not require a tunable (scaling) parameter.

We consider maximum-entropy basis functions (Sectior2), although the formulation is applicable
to any linear meshfree approximant. The governing equations for liear elastostatics are described
in Section 3. The main ingredients of the virtual element framework and the deelopment of our

5



6 SILVA-VALENZUELA ET AL.

proposed nodal integration technique are presented in Sectiof for linear elasticity and in Section 6
for nonlinear analysis of viscoelastic solids. The demonstration of th patch test satisfaction is
provided in Section 5. The accuracy and convergence of the devised nodal integratiomethod are
assessed in Sectio7 through several examples in linear elastostatics, linear elastodymaics and

viscoelasticity. A summary of our main ndings with some nal remark s is provided in Section8.

2. MAXIMUM-ENTROPY BASIS FUNCTIONS

Consider a convex domain represented by a set & scattered nodes and a prior (weight) function
Wy (x) associated with each nodea. We can write down the approximation for a vector-valued
function v(x) in the form:

hiy) = X :
vi(x) a(X)Va; (1)

a=1

wherev, = v(X,) are nodal coe cients, ,(X) is the meshfree basis function associated with node
aand m N represents the number of nodes whose basis functions take a rmaro value at the
point Xx.

On using the Shannon-Jaynes (or relative) entropy functional, the maximum-entropy basis

functions f 4(x) OglL, are obtained via the solution of the following convex optimization

problem [25]:
X (x)
. a
|;n'|?nr+n » a(x)In m (2a)
subject to the linear reproducing conditions:
xn xn
a(x)=1 a(x)ca = 0; (2b)
a=1 a=1

wherec, = X, X are shifted nodal coordinates and F' is the nonnegative orthant. In this paper,
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we use as the prior weight function either the Gaussian radial basisuiction given by [26]
Wa(X) = exp h—gkcak2 :

where is a parameter that controls the support size of the basis functiorand h, is a characteristic

nodal spacing associated with node, or the C? quartic polynomials given by [27]
8
<1 62+8¢® 3¢ 0 q 1

Wa(Q) = 0 q>1 ; 3)

where g = kcak=( h ).

On using the method of Lagrange multipliers, the solution to (2) is given by [25]

X
MalEXPC_19 Ll 70 = ween( (0 )i @)

a(X; )= Z(x: (x) ) -

where the Lagrange multiplier vector (x) is obtained as the minimizer of the dual optimization
problem (x is xed):

(x)=arg min InZ(x; );
2Rd

where is the converged solution that gives the basis functions as ,(x) = a(x; ) for

3. GOVERNING EQUATIONS

3.1. Strong form

Consider an elastic body that occupies the open domain R? and is bounded by the one-
dimensional surface whose unit outward normal is n . The boundary is assumed to admit
decompositons = [ (and; = y\ ¢, where  is the Dirichlet boundary and  is
the Neumann boundary. The closure of the domainis = [ . Letu(x): ! R? be
the displacement eld at a point x of the elastic body when the body is subjected to external

7
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tractions t(x) : ¢! R? and body forcesh(x) : ! R2 The imposed Dirichlet (essential)

boundary conditions areu(x): ! R?2. The boundary-value problem for linear elastostatics is:

nd u(x): ! R? such that
r +b=0 in ; (5a)
Uu=u on ; (5b)
n =t on g (5¢)

where is the Cauchy stress tensor.

3.2. Weak form

The Galerkin weak formulation reads: nd u(x) 2 V such that

a(u;v)= “(v) 8v(x)2Ww,;
z z z (6)
a(u;v) = (W) :"(v)dx; “(v)= b vdx + t vds;

t

whereV and W are the continuous displacement trial and test spaces:
Vi= ux):u2[HY )% u=uon y ; W:i= v(x):v2[HY¥ )% v=0o0n y ;
and " (v) is the small strain tensor that is given by
n 1 T
(v)=§rv+r Vo @)

We consider a set of scattered nodes that discretizes . Using these nodes, the domain is
partitioned into nonoverlapping nodal representative polygonal @lls. This can be achieved using a
Voronoi diagram (Figure 1(a)) or a triangular mesh where the centroids of triangles surrounding
a given node are connected to form a polygon (Figurel(b)). We denote by E a node and its

associated cell. The nodeE has coordinatesxg in the Cartesian coordinate system and the area
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(@) (b)

Figure 1: Construction of a nodal representative domain (shadedrea) using (a) a Voronoi diagram
and (b) a triangular mesh. The node and its representative cell aredenoted by E and xg are the

nodal coordinates.

of its associated cell isjEj. A node on  is denoted by S and its coordinates in the Cartesian
coordinate system byxs. The length of in uence of the node S is represented byjSj. Figure 2
presents two typical cases of a node located on;. The partition formed by all the nodes and their
associated cells lying on is denoted by T", where h is the maximum diameter of any cell in the
partition. The one-dimensional partition formed by all the nodes and their associated lengths of
in uence lying on ¢ is denoted by E".

Following a standard Galerkin procedure, we de ne the following discete local spaces at the
nodal cell level:

Ve = uh(x):u" 2 [HYE)? 5 Wje = Vg,

where u"(x) is given in the form (1) with x 2 E. These discrete local spaces are assembled to form
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(@) (b)

Figure 2: Schematic representation of a node located on; with coordinate x s and associated length
of in uence |Sj. (a) A node located inside a boundary edge and (b) a node located & boundary
corner.

the following discrete global spaces:

vh:

u(x)2V :uje 2Vhje B8E2T" ;

wh

V(X)2W :vjg 2V 8E2T"

Owing to the de nition of the discrete global spaces, we can evalua the weak form ©) by

sampling it locally at each node inT" and summing through all of them, as follows:

X X
a(u;vh = ag (u;vhy = JEj"e(v"):D:"g(uM suM;svh2vh, (8a)
E2T h E2T h

~ (v h X ~ h X ~ h X e h X Qi h h h
(vh) = pE (V') + ts (V') = JEjbe v+ jSjits v' 8v'2V", (8b)

E2T h S2Eh E2T h S2EN
where D is the material moduli tensor that de nes the constitutive relation = D : "(u);
"e = "(Xg), be := b(xg) and ts := t(xs) are nodal quantities. Equation (8) is the result of

direct nodal integration (1-point) of the weak form integrals.

10
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4. NODAL INTEGRATION USING THE VIRTUAL ELEMENT DECOMPOSITI ON

As discussed in Sectionl, the direct nodal integration of the bilinear form as given in (8a) is
not viable due to stability issues. As a remedy, nodal integration tetiniques add a stabilization
term to the bilinear form [12]. Here, we take a dierent route and develop a nodal integration
scheme for meshfree methods using the mathematical framewoiK the virtual element method. In
this approach, the consistency and stability of the nodally integrated meshfree Galerkin method is

ensured by construction.

4.1. Nodal integration cell

The sampling of the weak form at an integration node in the partition T", where the partition
is constructed by means of one of the methods shown in Figuré, is performed using 1-point
Gauss rule over the edges of its nodal cell. It is stressed that in thaodal integration scheme, the
integration node and its associated nodal cell are interchangeablérhis means that any quantity
that is evaluated on the nodal cell is also a quantity evaluated at thenode. Considering the Cartesian
coordinate system,xg are the coordinates of the integration node anch is the unit outward normal

to the nodal cell's boundary. A sample nodal integration cell is shownin Figure 3.

4.2. Nodal contribution

Since the NIVED method uses meshfree basis functions for the disstization of the eld variables, we
have to consider the contributions from the neighboring nodes whe performing Gauss integration
over the edges of the nodal cell. The global nodal contribution list &an integration point is de ned

as the global indices of the nodes whose basis functions take a nama value at the integration

point. We label these global indices from 1 tom and construct a local nodal contribution list with

11
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Figure 3: Schematic representation of a nodal integration cell. Theintegration node and its
associated nodal cell is denoted byE, and the area of the nodal cell byjEj. The coordinates
of the integration node arexg and the unit outward normal to the nodal cell's boundary is n. The

N stands for the 1-point Gauss rule over an edge of the nodal cell.

them. We always keep track of the correspondence between thedal and global nodal contribution
lists as this correspondence is used later in the assembly of the gldbsti ness matrix and global
force vector. The construction of the local nodal contribution list is schematically shown in Figure4

for the evaluation of meshfree basis functions at an integration pimt on the edge of a nodal cell.

4.3. Virtual element decomposition

Due to the nonpolynomial nature of the linearly precise maximum-entopy meshfree basis functions,
the approximation of the displacement eld using these functions catains a linear polynomial part
plus some additional nonpolynomial terms. Let P (E)]? represent the space of linear displacements
over the nodal cellE.

Following the standard VEM literature (see for instance, Referene [28]) the following projection

operator onto the linear displacement space is de ned:

Ve ! [P(E)% p=p8p2[PE); 9)

12
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Figure 4: Construction of the local nodal contribution list. Nodal basis functions are evaluated at
the integration point N. A circle centered at a node represents the nodal basis functiorugport. The
contribution list is formed by the nodes labeled from 1 to 5 fn = 5) since their supports (dashed
circles) take a nonzero value at the integration point (i.e., contain the integration point). Dotted

circles do not contain the integration point and thus their nodes arenot part of the list.

which allows the splitting of the meshfree approximation of the elds into their linear polynomial

part and their nonpolynomial terms, respectively, as follows:
uh = ul+(u" uMy; (10a)
vib= v+ (vl vh: (10b)
The projection s required to satisfy the following orthogonality condition:

ag (p;v" vl =0 8p2[P(E)? vM2Vhje: (11)

13
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Using (10) and (11), we obtain the following decomposition of the local bilinear form:
ag(u;vMy = ag( uM; v+ ag (Ul uh:vh vhy: (12)
The rst term on the right-hand side of ( 12) is computable as it depends on the linear elds.
However, the second term is noncomputable as it depends on the npolynomial terms. In the
framework of the VEM, the second term is approximated by a bilinearform that can be conveniently

computed adopting the form of a stabilization term. We denote this gability bilinear form by sg

and rewrite (12) as follows:
al (uh;vh)y=ag( uM v+ sg(u” uh;vh vh: (13)
We refer to (13) as the virtual element decomposition
The virtual element decomposition is endowed with the following crucid properties for

establishing the convergence of the VEM4, 2Q]:

For all h and for all E in TP
Consistency. For all p 2 [P(E)]? and for all v 2 V "jg
ag (p;v") = ae (piv"): (14)
Stability: There exists two constants > 0 and > 0, independent ofh and of E, such
that
s 2 Vg ag(vhvh)  aR(vhivh)  ag(vivh): (15)
In view of the preceding properties, it is straightforward to recogiize that the rst term on the
right-hand side of (13) provides consistency (i.e., ensures patch test satisfaction) anthe second
term lends stability. The stability property ( 15) reveals the necessary conditions thatsg must
possess: it must be symmetric and positive de nite on the kernel of so that property (15) holds

without violating ( 14).

14
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4.4. Projection operator

The explicit form of the projection operator  is obtained from the orthogonality condition (11).

Let the strain tensor (7) be written as

"(V)=r v 1 (v); (16)

where! (v) is the skew-symmetric tensor given by

T

t(W)==rv r v : (17)

NI =

Using (16), noting that (p) and r  v" are constant elds over E sincep; v" 2 [P(E)]?, and

that :! =0, we can write the orthogonality condition ( 11) as
z
ag (p;vh v = () : r " vy ™ vy dx
=z z
= (p): rviidx ro vl odx
E E
z
= (p): rvhidx j Ejr V" (18)
E
=0; (19)

which leads to

rovhi= = rvhdx: (20)

Note that (20) denes r  v" as the average value of v" over the cell E. On using (16), (20)

can be rewritten as

Z Z

1 1
rovl=rC v+ v = rvMydx+ = 1 (vM)dx; 21
(Vs rCV= o e o D) (21)
which on integrating yields
1Z 1Z
h — wyh h .
vi= — v)dx x+ — 1 (v)dx x+ ag: 22
SR LA 0 (22)
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To determine ao we need a projection operator onto constant®®, : V"je | R? such that
Po( V") = Pov": (23)

Given that the eld variables computed at the integration node become the representative eld

variables of the cell, we de ne the projection operator onto consant as
Pov" = v"(xe) = Vg; (24)

where xg are the coordinates of the integration node (see Figuré).

Applying (23) to (22) gives

1 z 1 z
Po( VM= = "(vMdx Pox+ —= ! (v")dx Pox + Poag= Pov"
iEji & IE]_E
1 z 1 z
— " h h — .
= — d + = ! d + a0 = Vg: 25
B VMe xer m 1M Xetao= Ve (25)
On solving for ag in (25), we obtain
1 z 1 z
— " h h .
ao=ve o "WMd xe = LM xe (26)
: d he d s " hy — 1 R " h d d! hy .— 1 R | h d H
We introduce the de nitions "g(v") := e (v)dx and ! g(v") := E e (vM")dx since

both are constant tensors over the cell and thus they can be assiated with the integration node.
Finally, substituting ( 26) into (22) yields the projection operator onto the linear displacements, as
follows:

VIS Te") (X xe)+ Le(W") (X Xe)+ Ve @

In (27), the cell averages'g (v") and ! g (v") are evaluated on the boundary ofE by invoking

the divergence theorem, which gives the following nodal measures:

w ooy 1 ‘ wiohy e — L z h h
E(V)_EE (v)dX—ﬁ@Ev n+n v' ds (28)
and
Le(vh) = iz L (v dx = iz " n n Vv ds; (29)
JEj & 2E] @& ’
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respectively.

4.5. Projection matrix

After some algebraic manipulations, @7) can be written as

= h(x)"e (V") + gO)re (v"); (30)
where
2 3 2 3
0 1 1
h(x) = 4 (X1 Xig) i(Xz X2E ) 5. gx)= 4 21(X2 X2E ) 5. (31
0 (X2 x2e) (X1 Xig) 1 3(x¢ Xig)
A h it A h it
"e(v) = ("e)u ("E)22 2("e)iz o Te(V) = vie vee 2(e)2 1 (32)
Using meshfree basis functions leads to the following discrete rementation of (31):
h X h X
h™(x) = a(X)h(xa)= NH g; g'(x)= a(x)g9(xa) = NG g; (33)
a=1 a=1
where
2 3
(He)
: 2 3
: 0 1
He=8 (He)a 5: (He)a= 4 (X1a  X1E) i(Xza X2€) 5. (34)
_ 0 (X2a  X2e) 3(X1a  Xig)
(H E)m
2
(GE)l
2 3
1 0 3(x X
Ge = (GE)a . (Ge)a= 4 20z xee) s, (35)
0 1 3(Xia Xig)
(GE)m
3
h [ . 0
N = N; N a Nm Na=4 0 5; (36)
a



18 SILVA-VALENZUELA ET AL.

and explicitly replacing v" in the form (1) into (32) gives
I

wh " X . T h X T
E~ E a(X)Va = Wgq; rg=reg a(X)va = Rgq; (37)
a=1 a=1
where
h iT h iT
a=v; v! VL VaT  via Voa o (38)
2 3
(We)1
: 2 0 - 3 . 7
We = (We)a 42; (Wg)a= 47 : S5; Oa = = a(X)njds; i=1;2 (39)
. 0 Qa G JE] @E
(WE)m
and 2 3
(Re)1
: 2 3
: E 0
Re=§ (Re)a 2: (Re)a=4 2 | 70 54 (40)
. 0 a Cha
(RE)m
where E := ,(xg) is the value of the a-th basis function at the integration node E. To evaluate

Ga in (39), a 1-point Gauss rule is used on each edge of the nodal cell (see &ig 3).
Finally, substituting ( 33) and (37) into ( 30) yields the following discrete version of the projection
operator:

V= NH eW{dq+NGeRLq= N (HeW{ + GeR{)g; (41)
which de nes the projection matrix (the matrix form of ) as

Pe = HEW{ + GeR{: (42)

4.6. Nodally integrated sti ness matrix

The nodally integrated local stiness matrix is obtained by discretizing the virtual element
decomposition (13). We start by working on the consistency term (i.e., the rst term on the

18
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right-hand side of (13)). On using (27) to obtain r v" = "g(v") + ! g¢(v") and considering
the constitutive relation ( u")= D :"g(u"), we can write
ag(uM; v =Ej (uM:r WP
= JEj"e(v"): D :"e(u"): (43)
Using the symmetry of tensors"g and D, (43) can be written in Voigt notation as
ag( U VM) = JEj"L(v")D "e(u"); (44)

where D is the constitutive matrix for an isotropic linear elastic material given by
2 3 2

i 1 0 . 1 0
D:mﬁ 1 ozé; D=1Y2§ 1 og (45)

0 0 0 0 %

for plane strain and plane stress conditions, respectively, wher&y is the Young's modulus and
is the Poisson's ratio;" g (v") is de ned in (32).
Now, substituting the discrete version of" ¢ (v") as given in (37) into (44) leads to the following

discrete local consistency bilinear form:
ag( u"; v")=q"JEjWe DW {d; (46)

where d is a column vector similar to q given in (38) that contains the nodal coe cients that are
associated with the displacement trial functions.

The discrete local stability bilinear form is obtained by replacing the eld discretizations
uh = Nd and v = Nq, where N is de ned in (36), along with (41) into the second term on

the right-hand side of (13). This yields
h h.\h hy — .
se(u u';v vl)=sg(Nd NPegd;Ng NPgQq)
=g (lam Pe)'Se(lan  Pe)d; (47)

19
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where | o, is the identity (2m  2m) matrix and Sg = sg (N T;N ). Thus, substituting (46) and

(47) into the rst and second terms on the right-hand side of (13), respectively, gives
ag(u"ivM) = q" JEJWe DW ¢ +(l2n  Pe)"Se(lam  Pe) d; (48)

which de nes the nodally integrated local sti ness matrix as the sum of the consistency sti ness

matrix K £ and the stability sti ness matrix K 2, as follows:
Ke=KEg+Kg; KEg=JEjWeDW{; Kg=(lom Pe)'Se(lon Pe): (49
Regarding the stability sti ness, we make the following choice forSg:
Se=lom (Im ); (50)

where 1oy, is the unit (2m 1) column vector, = diag(K g) is a column vector containing the
diagonal of the matrix K ¢ and is the element-wise product. This means thatSg is a diagonal
matrix whose diagonal entries are those of the diagonal of the naally integrated local consistency

sti ness matrix, which is in the spirit of the \ D-recipe" studied in ReferencesZ9, 30].

4.7. Nodally integrated force vector

For linear elds, the simplest approximation for the body force vector is constructed by projecting

both the body force vectorb and the test displacementsv" onto constants, as follows 4, 20, 31]:

z z
he(vM) = Pob" PovMdx = Pob" Pov"  dx = jEjbe ve = q"JEjN{bg;  (51)
E E
where we have usedy as de ned in (24), and
2 3
E o0
Ne =[(Ng)1 (NE)a (Ne)ml; (Ng)a=4 0 S5 (52)
a
where E is de ned below (40). Hence, the nodal body force vector is given by
foe = JEJN g Dbg; (53)

20
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which coincides with the direct integration of the body force vector at the node with coordinates
XE .

The integral that de nes the traction force vector is similar to the integral that de nes the body
force vector, but it is one dimension lower. This means that we can siply apply a direct nodal

integration on the Neumann edges. Proceeding likewise leads to thelfowing nodal traction force

vector:
frs = jSiN dts; (54)
where 2 3
S
4 2 05
Ns=[(Ns) (Ns)a (Ns)m]; (Ns)a= 0 S (55)
a
with S := 4(Xs).

4.8. Nodally integrated mass matrix

With the aim of testing the NIVED approach for an elastodynamic problem, we show how to
compute the approximation of the mass matrix using the virtual element decomposition. The mass
matrix is constructed along the same lines as the sti ness matrix, that is, the mass matrix is split into
a consistency part and a stability part. However, this construction is done using anL ?-projection on
[P (E)]? of any function v" 2 [W(E)]?. For linear and quadratic elds, the L2-projection coincides

with the elliptic projection [28, 32]. This means,
z z z

a bdX = a pdx + (a a)( b b):
E E E

For testing our nodal integration approach, we use Newmark's costant average acceleration time
integration method, which is implicit and unconditionally stable. For such integrators, the stability
part of the mass matrix is not needed B3]. Thus, generally we only require the consistency term
R

£ a pdx. Hence, the expression for the nodally integrated mass matrix foa solid material

21
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of density , is:
Z Z
Me= jEj PTNTNP dx = JEjPT NN dx P= JEJPTNINgP; (56)
E E
where the integral has been nodally integrated atxg leading to N g as de ned in (52).

For a detailed treatment of time-dependent problems using the virual element framework, the

interested reader is referred to References8${ 35].

5. PATCH TEST SATISFACTION

In the patch test, the exact linear eld u(x) = p(x) 2 [P(E)]? is imposed on the entire boundary
of the domain. Hence, the numerical solution for the patch test mist be u"(x) = p(x) on the whole

domain. Using this in (13), we get
ag(p;v") = ag( p; VM +ae(p  piv" VD) (57)

The second term on the right-handside of £7) is zero because p=p p=0.Then,

Z
ae (p;v") = . (p):"( v")dx: (58)

Note that (p) is a constant eld. Let ¢ denote this constant stress eld and observe that
"( vM") = "g(v") is the nodal strain (cell average) de ned in (28) and thus a constant eld as

well. Hence, 68) becomes

z

as(p;v") = JEj C:ime(vM) = °: n+n v ds: (59)

1

2 @E

We now substitute v (x) = 4(x)va into (59) and sum over all the nodal cells to obtain
X x £

ag (p;vM) = B, ®ds Vva=fa Va (60)
E2T N gorh @E

22



A NODAL INTEGRATION SCHEME FOR MESHFREE GALERKIN METHODS 23

where 2 3
an]_ 0
B.=8 0 an L (61)
al2 a1

and f 5 is an interior nodal force. Since the patch test produces a state foconstant strains and
stresses, all the interior nodal forces must be identically equal t@ero. Therefore, for the patch test

to be satis ed it su ces to show that

X Z
fa= B, ®ds= 0; (62)
garh @E

where the assembly is over all the nodal cells that have a non-zerotegrsection with the support
of 4. To compute (62), we choose a 1-point Gauss rule over the edges of the integratiarells, and
since the evaluation ofB 5 at a given interior edge will arise from two adjacent cells in the assemly,
the two contributions cancel each other. Thus, the net contribuion to f 5 from all the interior edges

vanishes, and hence@?) is satis ed.

6. EXTENSION TO NONLINEAR ANALYSIS: THE VISCOELASTIC CASE

In this section, the proposed NIVED scheme is extended to solid méanics problems in which
the constitutive law for the solid material depends on the history of deformation. In particular, we
consider the case of Generalized Maxwell viscoelastic model desdrif a standard linear isotropic

solid [36], wherein the Cauchy stress in vector form and as a function of time is split as

(t)= s(t)y+ mKmT™"; (63)

whereK is the material's Bulk modulus, " is the small strain tensor in vector form,m =[1 1 0]7

and s(t) is the deviatoric stress given by
z t
_ @ o
s(t) = 2G(t t(’)@dt : (64)

1
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wheree = 1=3mm ™" is the deviatoric strain and G(t) is the shear relaxation modulus given

by a one-term Prony series that is of the form
G(t)= G[ o+ 1exp( t= 1)]; (65)

whereG = E=(2(1+ )), o> O0and ;> 0 are parameters that satisfy o+ ;=1,and ;isa

relaxation time. Substituting ( 65) into ( 64) leads to

h i
s(t)=2G  oe(t)+ 1P (1) ; (66)

where g (t) is the dimensionless partial deviatoric strain given by
‘e @
A= exp( (t 9= )= dt® (67)
1 @t

The term q® (t) is solved using the recursion formula 36]

i =exp( = )aP + g (68)

where

s = — (@ exp( = )(enn  en): (69)

Thus, using the recursion formula, the stresses can be written as

h i
Sn+1 =2G  oens+1 + 1q,(]121 ; (70)

and

n+l = Spn+1 * meT"n+l: (71)

On considering (71) along with (70) and (68), it is realized that ,+; is determined by the
knowledge of the time incrementt and the strain " at times t, and tp+1 .

The numerical solution of the equilibrium equation for the standard linear isotropic solid
described by the Generalized Maxwell viscoelastic model is sought inementally using a Newton-
Raphson scheme. Under the NIVED framework, the constitutive guation (71) is computed using
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the vector form of the nodal strain (28) and the base equilibrium equation for the Newton-Raphson

scheme is obtained by linearizing the following VED representation of e virtual work:
z T
JEJ"E(") a1 (" (Upag)) + . ") e (") e ((Upag) e (upeg) dx

i Ej(Pov™)Tbe j Sj(Pov™)Tts =0: (72)

The linearization of (72) yields
A
JEI"E(v")Drjnsa"e( uM)+ "M "e(W") "Drjna " u") e u") dx
n "z
= JEI"EW") nn (e )+ ] ") e T (C(Ulhg) e (Ulhg) dx

0
j Ei(Pov™)Tbe j Sj(Pov™)Tts ; (73)
where D 1 is the tangent moduli that is obtained by deriving (71), as follows:

@ +1 h 1 ih 1 i
= =" =2G o+ 1t_(1 exp( t= 1)) | émmT +Kmm?T:  (74)

Adopting the same argument used to obtain the VED decomposition {3), we approximate the
second term on both sides of 13) by computable quantities, thus giving

JEJ"L (V"D 1jner"e( uM)+ sg.p(v" vh;ouh uM

n 0
JEI"L (VM) per + se (VP vhouh uM j Ej(PovMTbe j Sj(PovM)Tts @ (75)

We remark that the linearized virtual work ( 75) is supported by the virtual element framework
for inelastic analysis presented in ReferenceJ]. After discretizing (75), relying on the arbitrariness
of nodal variations and summing through all the cells, we nally obtain the following Newton-
Raphson iterations to solve the equilibrium stated®); = d .Y + d® at time tn.; with a time

increment t = th+y tn:

X (k 1) ‘ (k 1)
KEr+KE d® = fE+fE foe fys ; (76a)
d " on+l n+l
E2T h E2T h:;S2Eh
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with
KEt=|EjWEDTjns1 W¢; gr=(lam Pe)'lom  (Lom )(lam  Pe); (76Db)
C=JEWE ns1; f2=(lam Pe)Tlom  (lam )(am Pe)d®,"; (76c)
fb;E = jEjNng; ft;S = ijNgts; (76d)

where = diag(K E;T), and Weg, Pe, lom, 1om, Ng, Ns, bg and tg are the same as those used

in the linear NIVED formulation (see Section 4).

7. NUMERICAL EXPERIMENTS

In this section, numerical experiments are presented to demonsite the accuracy and convergence of
the NIVED approach. Results are compared with a meshfree Galeik method that uses maximum-
entropy basis functions and standard Gauss quadrature with intgration points de ned in the
interior of the cells of a background mesh of 3-node triangles. We dawte this method by the
acronym MEM. When available, we also provide comparisons of our rests to reference solutions
obtained with the nite element method (FEM). The construction of the nodal representative
polygonal cells for the NIVED method is carried out using the same bakground mesh of 3-node
triangles used for the MEM method, that is, the construction method depicted in Figure 1(b) is
considered. This allows a direct comparison of the NIVED and MEM mehods since the number of
degrees of freedom remains the same in both methods.

For numerical integration in the NIVED approach, we use a 1-point Gauss rule per edge of the
polygonal cell and at these points only the evaluation of basis fundbns is required. In the MEM
approach, we consider 1-point, 3-point, 6-point and 12-point Gass rules in the interior of the 3-node

triangular cell. In contrast to the NIVED method, at these interior integration points the evaluation
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of both the basis functions and their derivatives is required. The maimum-entropy basis functions
in the NIVED and MEM methods are performed using = 2:0 in all the numerical experiments

that follow.

7.1. Patch test

We solve the boundary-value problem §) for the patch test that is schematically depicted in
Figure 5. Plane stress condition is assumed with the following material paramiers: Ey =3 10’ psi
and =0:3. The exact solution for this problem is the linear eld u = ! (1 x1)=Ey x2=Ey N
The Dirichlet boundary conditions are imposed as follows: on the botbm boundary, the vertical
displacement is xed, and at its right corner, the displacement is addtionally xed in the horizontal
direction. The Neumann boundary conditions aret = " 00 " on the left and right boundaries,
and t = " 0 " on the top boundary. The Gaussian prior weight function is used forthe
maximum-entropy basis functions. The background meshes used ithis study are depicted in
Figure 6. Numerical results for the relative error in the L2 norm and the H* seminorm are presented

in Tables | and II, respectively, for the MEM and NIVED approaches. Numerical resilts con rm

that the patch test is met to machine precision only for the NIVED method.

7.2. Numerical stability

To assess the stability of the NIVED method, eigenvalue analyses &rperformed on a unit square
domain. As a reference for comparison, we include the MEM approdrin the analyses. The quartic
polynomials and the Gaussian radial basis function are considered ake prior weight function in
the evaluation of the maximum-entropy basis functions in these anfyses. Three zero eigenvalues,
which correspond to the three zero-energy rigid-body modes, arobtained for both methods. The

three mode shapes that follow the three rigid-body modes are depied in Figure 7 for the MEM

27



28 SILVA-VALENZUELA ET AL.

X2
=1 psi

O

1lin

Ny
v

1in

Figure 5: Patch test problem.

Table I: Relative error in the L2 norm for the patch test.

Method Gauss rule Regular Distorted Unstructured

MEM 1-pt (interior of the cell) 1.0 102 220 102 1.7 10?2
MEM  3-pt (interior of the cell) 23 10°%® 16 10°® 16 10°3
MEM  6-pt (interior of the cell) 50 10° 80 104 1.2 10°
MEM  12-pt (interior of the celll) 22 107 30 104 50 10*

NIVED 1-pt (per edge of thecelll) 36 10 *® 41 10*® 25 10 %°

28
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@) (b) ©

(d) (e) ®

Figure 6: Background meshes used for the patch test. (a) Regutamesh, (b) distorted mesh and
(c) unstructured mesh for the MEM approach; (d) regular mesh, (d) distorted mesh and (e)

unstructured mesh for the NIVED approach.

and NIVED methods using the quartic polynomials as the prior weight function. For the quartic
prior, instabilities are observed for the MEM with a 1-point Gauss rule since it exhibits nonsmooth
mode shapes (Figures/(a){ (c)) and even a 12-point Gauss rule is not su cient for removing the
instabilities (Figures 7(d){(f)). In stark contrast, Figures 7(g){ (i) show the smooth mode shapes
that are obtained in the NIVED approach when using the quartic prior.

Similarly, the three mode shapes that follow the three rigid-body modks are depicted in Figure8
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Figure 7: Eigenvalue analyses for the MEM and NIVED methods with the maximum-entropy basis
functions computed using the quartic prior. Depiction of the three mode shapes that follow the

three rigid-body modes. (a)-(c) MEM (1-pt), (d)-(f) MEM (12-p t), (g)-(i) NIVED. Instabilities in

the MEM method are evidenced by the presence of nonsmooth mods&hapes.
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Table II: Relative error in the H! seminorm for the patch test.

Method Gauss rule Regular Distorted Unstructured

MEM 1-pt (interior of the cell) 14 102 54 102 25 102
MEM  3-pt (interior of the cell) 26 10°%® 53 10°® 48 10°3
MEM  6-pt (interior of the cell) 54 10° 1.9 10%® 1.3 10°
MEM  12-pt (interior of the celll) 223 107 77 104 45 10*

NIVED 1-pt (per edge of thecelll) 36 10 *® 52 10® 7.8 10 %°

for the MEM and NIVED methods using the Gaussian radial basis fund¢ion as the prior weight
function. For the Gaussian prior, instabilities are observed for theMEM with a 1-point Gauss rule
since it exhibits nonsmooth mode shapes (Figure8(a){ (c)), but a 6-point Gauss rule can e ectively
remove the instabilities (Figures 8(d){ (f)). The NIVED approach using the Gaussian prior is also

free of instabilities as revealed by the smooth mode shapes depictéd Figures 8(g){ (i) .

7.3. Cantilever beam

We conduct a convergence study for the problem of a cantilever kmn of unit thickness subjected to
a parabolic end loadP = 1000 Ibf. A schematic representation of the problem is shown in Figue9.
Plane strain condition is assumed with material parameters given byEy = 107 psiand =0:3. The

essential boundary conditions on the clamped edge are applied aaciing to the analytical solution
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Figure 8: Eigenvalue analyses for the MEM and NIVED methods with the maximum-entropy basis

functions computed using the Gaussian prior. Depiction of the thr& mode shapes that follow the

three rigid-body modes. (a)-(c) MEM (1-pt), (d)-(f) MEM (6-pt ), (g)-(i) NIVED.

the MEM method are evidenced by the presence of nonsmooth modshapes.
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given by Timoshenko and Goodier 8§:
2

3
L4 @A L Fxir@+ ) B+ ) o
1 3x3(L x)+@L x)xd
whereEy = Ey=1 2 and = =(1 )L =8inchis the length of the beam, D = 4 inch is

the height of the beam, andl = D3=12 is the second-area moment of the beam section. The exact

stress eld is:
2 1 3 2 P(L X1)Xz

S BT

D2 2
= X3

™o

12

The Neumann boundary conditions are applied using the exact stres eld, which gives t =
h iT h iT

0 0 onthetop and bottom boundaries, andt = 0 45 on the right boundary. For the
evaluation of the maximum-entropy basis functions, the Gaussian por is used. The sequence of

background integration meshes used in the study are shown in Figer10.

Figure 9: Cantilever beam problem.

The convergence of the MEM and NIVED methods in theL? norm and the H! seminorm of the
error are shown in Figure11l. The MEM approach needs a 3-point Gauss rule to deliver the optimal

33
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Figure 10: Sequence of background integration meshes used fdwet cantilever beam problem. (a)-(d)

Meshes for the MEM method and (e)-(h) meshes for the NIVED mehod.

rate in the L2 norm. Regarding the H! seminorm, the convergence of the MEM method behaves
erratically for 1-point and 3-point Gauss rules due to integration erors, and a 6-point Gauss rule is
needed to recover the optimal rate. In contrast, the proposedNIVED method delivers the optimal

rate of convergence in both thelL.?2 norm and the H! seminorm of the error.

7.4. In nite plate with a circular hole

The rates of convergence are studied for the problem of an in niteplate with a circular hole that is
loaded at in nity according to the tractions 11 =T and 2, = 1, =0 (Figure 12(a)). Due to the
symmetry of the geometry and boundary conditions, we considertie domain of analysis shown in
Figure 12(b). Plane stress condition is assumed wittEy = 102 psi and = 0:3. The exact solution

on the domain of analysis is given by 38|

2 3
T +1 r2 1 3 rd 3
g i - rcos + % ( +1)cos +cos % cos
u= ;
g 3rsin + L 1)sin +sin3 ¢ sin3
s o rsin = ( )sin  +sin 7% sin
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Figure 11: Convergence rates for the cantilever beam problem. Qjmal rate of 2 in the L2 norm is
delivered by the MEM method using a 3-point Gauss rule, but its convegence in theH ! seminorm
behaves erratically for 1-point and 3-point Gauss rules due to intetation errors; a 6-point Gauss
rule is needed to recover the optimal rate of 1. Optimal rates of 2 ad 1 in the L2 norm and the

H' seminorm, respectively, are delivered by the NIVED approach.
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whereG = Ey=2(1+ ))and =(3 )=(1+ ). The exact stress eld is:
2
2 3 T 1
11
S I
12

rg 1 . 3r3 .
T 3 zS|n2 +sin4 2r_43'”4

3

r

STV}

4
3ry

>r+ Cos 4

3cos2 +cos4 +

=
~|

=
SINY

1 3rg .
5C0s2 cos4 + 5%cos4 ;

=
[N

wherer is the radial distance from the center k; = 0;x2 = 0) to a point ( x1;X2) in the domain of

analysis. In the computations, the following data are usedT = 100 psi, ro = 1 inch and a =5 inch.

The Dirichlet boundary conditions on the domain of analysis are imposd as follows:u; = 0 on the

left side and u, = 0 on the bottom side. The Neumann boundary conditions are presdbed using
h it h iT

the exact stresses, as follows: = 12 22 on the top side andt = 1 12 on the right

side. The sequence of background integration meshes used in thieidy are shown in Figure 13. The

Gaussian prior is used for the evaluation of the maximum-entropy bais functions.

X2
KX2
to

bodg b
< > —t
- > t,
- \ > a ty

X

- ro -1 ro A
- > KB B > X1
- > 11 =T
< o ! a \

(@) (b)

Figure 12: In nite plate with a circular hole. (a) In nite plate and (b) domain of analysis.

The convergence rates that are delivered by the MEM and NIVED agproaches in theL? norm
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@ (b) © (d) () ®

() () @ 0 (k) o

Figure 13: Sequence of background integration meshes used fdret in nite plate with a circular

hole problem. (a)-(f) Meshes for the MEM method and (g)-(I) mestes for the NIVED method.

and the H! seminorm of the error are compared in Figurel4. We observe that the convergence of
the MEM using a 1-point Gauss rule behaves erratically in theL > norm and that the optimal rate
of 2 is recovered using a 3-point Gauss rule. Regarding its convengee in the H! seminorm, we
observe that it is optimal when using at least a 6-point Gauss rule. Orthe other hand, the NIVED

approach delivers the optimal rates of 2 and 1 in theL? norm and the H! seminorm, respectively.

7.5. L-shaped domain under traction load

An L-shaped domain under traction load is considered. The geometry ahboundary conditions are
shown in Figure 15, whereH = 100 inch and p = 1 psi. The thickness is 1 inch. A stress singularity
occurs at the re-entrant corner and the exact solution is not knevn. However, an estimation of the
exact strain energy using Richardson's extrapolation is known and hs the value 15566.4639]. We

use this value to assess the convergence of the strain energy. Réastress condition is assumed with
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Figure 14: Rates of convergence for the in nite plate with a circular hole problem. For the MEM

approach, an erratic convergence in theL? norm is obtained using a 1-point Gauss rule and the
optimal rate of 2 is recovered using a 3-point Gauss rule. Its convgence in theH! seminorm is
optimal when using at least a 6-point Gauss rule. The optimal rates 62 and 1 are obtained in the

L2 norm and the H! seminorm, respectively, for the NIVED method.
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Ey =1 psiand = 0:3. The sequence of background meshes used in this study are depit in

Figure 16. The convergence of the strain energy for the MEM with several @uss integration rules
and for the NIVED approach is shown in Figure 17. We observe that even with a 12-point Gauss
rule, the MEM does not uniformly approach the reference value of he strain energy. In contrast,

the proposed NIVED scheme uniformly approaches this referencealue.

H/2
|H/2
P % H
H

Figure 15: L -shaped domain under traction load.

7.6. Manufactured elastostatic problem

In this example, the manufactured elastostatic problem found in Réerence 5] is used to assess
the performance of the NIVED method. The analysis is conducted n a 2 2 square domain. Plane
stress condition is considered withEy = 10° psi and = 0:3. The entire domain boundary is

prescribed with the following Dirichlet boundary conditions:

ui(x) =sin X1 CoSXp; Ux(X) = €1e*?;
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Figure 16: Sequence of background integration meshes used fdnet L-shaped domain problem.

(a)-(e) Meshes for the MEM method and (f)-(j) meshes for the NVED method.

which correspond to the exact solutions of the linear elastostatic ppblem (5) manufactured with a

body force given b
y 92 y 3

b_4(sinx1cosx2)D(1;1) (e¥1e*2)D (1;2) (e*fre*2 sinxlcosxz)D(3;3)5_
(cosxysinxz)D (2;1) (eX:e*2)D (2;2) (€*re*2  cosxysinxz)D (3;3) '

The exact stress eld |23

3 2 3
1 D (1; 1) cosxy cosxy + D (1;2)e*e*2
g 2 £ = § D (2;1) cosxy cosxp + D (2;2)e*1e*2
12 D (3;3)(e**€*2  sinxj sinXz):

Figure 18 depicts the background integration meshes used in the study. Th&aussian prior is used
for the evaluation of the maximum-entropy basis functions.

The convergence in theL? norm and the H! seminorm for the MEM and NIVED methods are
compared in Figure 19. The L? norm is not convergent for the MEM approach using a 1-point
Gauss rule, but the optimal rate of 2 is recovered using a 3-point Gass rule. The convergence
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Figure 17: Convergence of the strain energy for thé.-shaped domain problem. The MEM method
does not uniformly approach the reference value of the strain emgy, whereas the proposed NIVED

scheme does.

of the MEM method in the H' seminorm is not good for 1-, 3- and 6-point Gauss rules, but the
optimal rate of 1 is recovered when using a 12-point Gauss rule. Thelots show that the NIVED
approach delivers the optimal rates of 2 and 1 in theL.? norm and the H! seminorm, respectively.
The computational cost of the MEM and NIVED methods are compared in Figure 20. The
methods are assessed in terms of accuracy and cell re nementing the normalized CPU time,
which is de ned as the ratio of the CPU time of a particular model analyzed to the maximum
CPU time of any of the models analyzed. In terms of accuracy, we aerve that the computational
cost of the NIVED scheme is similar to the computational cost of theMEM method with 12-point
Gauss rule (Figure 20(b)). This occurs because for a given level of accuracy, the MEM redqures a
coarser mesh than the NIVED scheme, as shown in Figuré9(b). In terms of cell re nement, we
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@ (b) © (d) (e) ®)

@) (h) @) 0 (k) o

Figure 18: Sequence of background integration meshes used fonet manufactured elastostatic

problem. (a)-(f) Meshes for the MEM method and (g)-(I) meshes 6r the NIVED method.

observe that the computational cost of the NIVED method is similar to the computational cost
of the MEM method with a 3-point Gauss rule (Figure 20(c)). However, the MEM with a 3-point
Gauss rule does not converge in théd 1 seminorm, which means that the computational cost of a
convergent MEM approach is greater than the computational cos of the NIVED method. In fact,
from Figure 19 we know that a 12-point Gauss rule is needed for optimaH t-convergence of the
MEM method, but this rule is the most expensive as shown in Figure20(c). Combining both the
cost in terms of accuracy and cell re nement, we conclude that in gneral the NIVED scheme can
be expected to be faster but less accurate than a convergent M& approach with the same number

of degrees of freedom.
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7.7. Manufactured elastodynamic problem

A manufactured elastodynamic problem that is found in Reference4(] is considered. The domain
of analysis is a 2 2 square domain and the background meshes considered are thensaused for
the manufactured elastostatic problem (Figure 18). The material parameters areEy =1 10° psi,

=0:3and =800 Ib/in 3, and plane stress condition is assumed. The Gaussian prior is usedrfo
the evaluation of the maximum-entropy basis functions.

The problem is manufactured with the following body force:

g XU pZEvIm* e (@ )LZ+ X3 g
X2 2Evg(t)+ ¢(t) (1+ )LZ2 x2 ix3
whereL is the side length of the domain of analysis and

h 2l
gt)= 1 e 7 :

The exact displacement eld solution is
2 3

- 4 xig(t) (1+ )L2+ x§+ %X% -
x20(t) 1+ L2 x? 1x3
and the exact stress eld is
2 3 2 3
11 Evg(t) XE L2
g ZZZZEEYQ('[) L? X3 é:
12 0

At the initial condition t = 0 seconds, the body is at rest. The exact displacement eld solutio
is used to impose the Dirichlet boundary conditions along the entire bandary of the domain.
The following values for the parameters are used in the computatios: = 0:001, =0:001. The
Newmark's constant average acceleration method with a time increrant t = 0:01 seconds is used
as the time integration algorithm.

The convergence of the MEM and NIVED methods in theL? norm and the H! seminorm after
100 time steps (i.e.,t =1 s) are compared in Figure 21. The MEM approach exhibits suboptimal
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convergence in thelL. 2 norm with a 1-point Gauss rule, but the optimal rate of 2 is recoveral using
a 3-point Gauss rule. Its convergence in thed 1 seminorm is optimal when using at least a 12-point
Gauss rule. The optimal rates of 2 and 1 are obtained in theL? norm and the H! seminorm,
respectively, for the NIVED method.

Similar to the static case, Figure 22 (also obtained att = 1 s) reveals that in terms of cell
re nement, the computational cost of a convergent MEM approach is greater than the NIVED
counterpart thereby making the NIVED approach superior in performance. Moreover, in the
dynamic regime the outperformance of the NIVED over the MEM, in terms of cell re nement,
is more pronounced as the computational cost of the NIVED apprach is about the same as the

computational cost of the MEM using a 1-point Gauss rule (Figure22(c)).

7.8. Thick-walled viscoelastic cylinder subjected to intaal pressure

We conclude this section with a demonstration of the nonlinear NIVED formulation for small-
displacement and small-strain analysis. The test problem consists of thick-walled cylinder
subjected to internal pressure whose material constitution is a lirar isotropic solid described by
the Generalized Maxwell viscoelastic model considered in Sectiof. This example has been used
to assess the virtual element method for inelastic analysis in Referee B7]. Due to symmetry, only
a quarter of the cross section of the cylinder is considered, as sla in Figure 23, wherer; = 2
inch, ro = 4 inch and p = 10 psi. The material parameters are set toE = 1000 psi, = 0:3 and
1 = 1. The pressure is applied suddenly and the structural responsé computed through 20 unit
time steps.
In the rst part of this study, the convergence of the radial displacement at control points A

and B (Figure 23) is assessed. For comparison purposes, the numerical solution tamed with a
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Figure 21: Rates of convergence for the manufactured elastodgmic problem. The MEM approach
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Figure 22: Computational cost of the MEM and NIVED methods for the manufactured
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the cell re nement. The computational cost of the NIVED method is similar to the computational

cost of the MEM method using a 1-point Gauss rule.
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highly re ned mesh of 9-node FEM quadrilateral elements (FEM-Q9)is used. Three sets of choices
are considered for the material parameters g and 1: ( o; 1) = f(0:7;0:3); (0:3;0:7); (0:01; 0:99)g.

Using E and to calculate the material's bulk modulus K and (65) to calculate G(t = 20), the

3K 2G(20)

e ective Poisson'sratio is calculated as ¢ = BR G0

. For the three preceding sets of parameters
this gives at time t = 20 the values o = f0:3542 0:4338 0:4977, respectively. Thus, for the last

set, the material is near-incompressible.

fi

A
Y

Figure 23: Domain and boundary conditions for the thick-walled viscelastic cylinder subjected to

internal pressure.

The convergence of the NIVED radial displacement at control poirts A and B is summarized in
Table 11l for the sequence of background integration meshes depicted in Rige 24. Good agreement
with the FEM-Q9 reference solution is observed for the three set®f material parameters.

Curves depicting the time history of the radial displacement measued at control points A and
B are shown in Figure 25 for the three sets of material parameters. The response curgefor the

NIVED scheme is plotted for the mesh shown in Figure24(e). Good agreement with the FEM-Q9
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©

(d)

(e)

Figure 24: Sequence of NIVED background integration meshes uddor the analysis of the thick-

walled viscoelastic cylinder subjected to internal pressure.

Table II1: NIVED radial displacements at points A and B for the thick-walled viscoelastic cylinder

problem at time t = 20.

(o0; 1)= (0:7;0:3) (0:3;0:7) (0:01; 0:99)
mesh # dofs Ua Us Ua Us Ua Us
Figure 24(a) 882  0.053012 0.031904 0.118830 0.065142 0.646690 0.330050
Figure 24(b) 1922  0.053077 0.031950 0.118970 0.065219 0.647820 0.33D17
Figure 24(c) 3362 0.053101 0.031966 0.119020 0.065246 0.648160 0.33W21
Figure 24(d) 7442  0.053118 0.031977 0.119050 0.065264 0.648370 0.33D24
Figure 24(e) 26082 0.053131 0.031983 0.119070 0.065272 0.648440 0.38D2

Ref. (FEM-Q9) 79242

0.053584 0.032425 0.119970 0.066177 652880 0.334810
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reference solutions is observed.
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Figure 25: Thick-walled viscoelastic cylinder subjected to internal pessure. Time history of
the radial displacement measured at control pointsA (upper curves) and B (lower curves) for
three sets of viscoelastic parameters: (a) (o; 1) = (0:7;0:3), (b) ( o; 1) = (0:3;0:7) and (c)

( 0; 1)=(0:01,0:99).

Lastly, the performance of the NIVED method for near-incompressible material behavior is
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studied. The NIVED approach is tested on the background mesh sbwn in Figure 26(a) and its
radial stress eld solution is compared with the corresponding FEM-Q9 solution on the mesh
shown in Figure 26(b). Also on this mesh, the radial stress eld is computed with 4-node FEV
qguadrilateral elements (FEM-Q4). The comparisons are summarize in Figure 27. The radial stress
eld corresponding to the compressible case (p; 1) = (0:7;0:3) ( ¢ = 0:3542) is shown in
Figures 27(a){ (c) for FEM-Q4, FEM-Q9 and NIVED methods, respectively. It is observed that
the three methods perform well in this case. Of course, becausé its higher approximation order,
the FEM-Q9 radial stress eld is smoother than the FEM-Q4 and NIV ED radial stress elds.

The radial stress eld corresponding to the near-incompressible ase ( o; 1) = (0:01;0:99)
(e = 0:4977) is depicted in Figures27(d){(f) for FEM-Q4, FEM-Q9 and NIVED methods,
respectively. In this case, the FEM-Q9 radial stress eld looks smoth and no sign of locking is
observed. However, locking behavior is exhibited in the FEM-Q4 casas evidenced by the oscillatory
radial stress eld. The NIVED scheme performs better than the FEM-Q4 in the incompressible limit,
but some small oscillations do occur in the radial stress eld and thusit is not completely free of
locking. This is not surprising since use of the virtual element framewrk in the NIVED approach
ensures consistency (patch test satisfaction) and stability for adisplacement-based formulation. To
render the NIVED scheme locking-free in the near-incompressible lithwould require introducing,

for instance, a form of a nodal averaging technique4, 42].

8. CONCLUDING REMARKS

In this paper, we proposed a novel nodal integration scheme for eshfree Galerkin methods that is
devised from the virtual element decomposition 4], wherein the bilinear form is decomposed into a

consistency part and a stability part that ensure that the method is consistent and stable. Linear
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() (b)

Figure 26: Integration meshes to study the performance of the americal solutions of the thick-walled
viscoelastic cylinder problem in the near-incompressible limit. Meshesof (a) NIVED scheme, and

(b) FEM-Q4 and FEM-Q9 approaches.

maximum-entropy meshfree basis functions were adopted, but th formulation is applicable to any
other linear meshfree approximant. We referred to this new nodaintegration scheme as NIVED. As
in any nodal integration method, a nodal representative cell is neéed in the NIVED approach. The
nodal cell can be constructed from a Voronoi diagram or a Delaunatriangulation by connecting
the centroids of triangles surrounding a node.

Numerical tests in linear elastostatic and linear elastodynamic boundry-value problems were
conducted, where the focus was on comparing the performance the NIVED method and the
maximum-entropy meshfree method (MEM) using standard Gauss itegration. We also provided
the extension of the NIVED approach to nonlinear analysis where tle material constitution is a
linear isotropic solid described by the Generalized Maxwell viscoelasticnodel. Comparisons with

reference solutions obtained with 4-node and 9-node FEM quadrilaral elements were conducted.
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Figure 27: Thick-walled viscoelastic cylinder subjected to internal pessure. Comparison of radial

stress contour plots using FEM and NIVED schemes. For viscoelagt parameters ( o; 1)

(0:7;0:3): (a) FEM-Q4, (b) FEM-Q9, and (c) NIVED. For viscoelastic para meters ( o; 1)

(0:01; 0:99): (d) FEM-Q4, () FEM-Q9, and (f) NIVED.

In the NIVED approach, the weak form integrals are integrated by sampling them at the nodes
and the integration at a node is performed using a 1-point Gauss rul®ver the edges of its nodal
representative cell. This task only involves the evaluation of basis faoctions (no derivatives are
needed). In the MEM approach, the integration of the weak form irtegrals is performed using
standard Gauss integration on the interior of triangular cells, which requires the evaluation of basis

functions derivatives.
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Our main ndings from this work are as follows. The NIVED scheme pases the patch test to
machine precision, whereas the MEM does not achieve this level of agracy due to integration
errors. The numerical stability test showed that both the NIVED and MEM methods deliver
the three zero-energy rigid-body modes, but instability is exhibited only by the MEM method
as evidenced by the presence of the nonsmooth eigenmodes thatléw the three rigid-body modes.
Convergence was assessed through several numerical expenmse which included a cantilever
beam subjected to a parabolic end load, an in nite plate with a circular hole and manufactured
(elastostatic and elastodynamic) problems. The convergence stlies revealed that the NIVED
method delivers the optimal rate of convergence in theL? norm and the H! seminorm. On the
other hand, the convergence of the MEM was dependent on the maber of Gauss points used inside
the triangular integration cell. In the tests that were conducted, the MEM required a 3-point Gauss
rule for optimal convergence in theL? norm and, depending on the problem, a 6-point or a 12-point
Gauss rule for optimal convergence in theH® seminorm. In terms of computational cost, it was
shown that for the same number of degrees of freedom the proped NIVED scheme is faster but less
accurate than a convergent MEM approach. We also tested the N\V\ED and MEM methods in an
L -shaped domain under traction load, where the presence of a reagant corner introduces a stress
singularity that results in a nonsmooth solution. In this case, a study to assess the convergence
to a reference value of the strain energy was conducted. The rels showed that only the NIVED
scheme uniformly approaches the reference strain energy. Theedformance of the nonlinear NIVED
formulation was assessed by solving the problem of a thick-walled viselastic cylinder subjected
to internal pressure. The radial displacement solution was found ¢ be in good agreement with a
reference solution obtained using quadratic (9-node) quadrilateal nite elements. We also showed

that for a near-incompressible viscoelastic material, the NIVED scleme is not completely devoid of

55



56 SILVA-VALENZUELA ET AL.

locking.

In closing, we mention that a desirable feature that can be o ered ly the (nodally integrated)
NIVED approach is that state variables such as strains, stressesnd other internal variables
in nonlinear computations can be stored at the nodes, which is attrative for Lagrangian large
deformation meshfree simulations. This extension of the NIVED mehod to large deformations is

appealing, and is planned as part of future work.
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