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Abstract

We propose a combined nodal integration and virtual element method for compressible and

nearly incompressible elasticity, wherein the strain is averaged at the nodes from the strain of

surrounding virtual elements. For the strain averaging procedure, a nodal averaging operator is

constructed using a generalization to virtual elements of the node-based uniform strain approach for

finite elements. We refer to the proposed technique as the node-based uniform strain virtual element

method (NVEM). No additional degrees of freedom are introduced in this approach, thus resulting

in a displacement-based formulation. A salient feature of the NVEM is that the stresses and strains

become nodal variables just like displacements, which can be exploited in nonlinear simulations.

Through several benchmark problems in compressible and nearly incompressible elasticity as well

as in elastodynamics, we demonstrate that the NVEM is accurate, optimally convergent and devoid

of volumetric locking.

Keywords: Virtual element method, Nodal integration, Strain averaging, Uniform strain, Linear

elasticity, Volumetric locking

1. Introduction

The virtual element method [1] (VEM) is a generalization of the finite element method (FEM)

for approximation of field variables on very general meshes formed by elements with arbitrary
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number of edges/faces (convex or nonconvex polytopes) known as virtual elements. In brief, the

method consists in the construction of an algebraic (exact) representation of the stiffness matrix

without computation of basis functions (basis functions are virtual). In this process, a decomposi-

tion of the stiffness matrix into a consistency part and a stability part that ensures convergence of

the method [2] is realized. Although the VEM is relatively modern technology, nowadays its de-

velopment includes applications such as elastic and inelastic solids [3–11], elastodynamics [12, 13],

finite deformations [14–22], contact mechanics [14, 23, 24], fracture mechanics [25–29], fluid me-

chanics [30–34], geomechanics [35, 36] and topology optimization [20, 37, 38].

For linear elasticity, which is the focus in this paper, with the displacement field as the only

variable (displacement-based approach), the simplest virtual element provides a linear approxima-

tion of the displacement field. As it occurs in traditional linear displacement-based finite elements

(for instance, three-node triangles and four-node quadrilaterals), severe stiffening is exhibited by

these virtual elements when the material is close to being incompressible, which occurs when the

Poisson’s ratio approaches 1/2. This is a numerical artifact known as volumetric locking. Currently,

there are various approaches to deal with this issue in the VEM literature (details are provided

below). Most of them are generalizations of well-established FEM approaches to VEM. In this

paper, we propose an approach for linear displacement-based virtual elements that is usable for

compressible and nearly incompressible elasticity. In the proposed approach, the strain is averaged

at the nodes from the strain of surrounding virtual elements, a technique that is very popular in

meshfree and finite element nodal integration (nodal integration is discussed below) and results in

locking-free formulations. The proposed method differs from existing virtual element methods for

compressible and nearly incompressible elasticity in the following aspects:

• In the proposed approach, the volumetric locking is alleviated by the strain averaging at the

nodes and the stabilization matrix chosen. No additional degrees of freedom are introduced

in this approach, thus resulting in a displacement-based formulation. In the existing VEM

approaches, the volumetric locking is alleviated by the B-bar formulation [7, 12], mixed

formulation [39], enhanced strain formulation [9], hybrid formulation [40], nonconforming

formulations [41–43], or addition of degrees of freedom related to the normal components of
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the displacement field on the element’s edges to satisfy the inf-sup condition [10].

• The strains and stresses in the proposed approach are projected to the nodes, thus becom-

ing nodal quantities just like displacements, whereas in the existing approaches these are

projected inside the elements, thus becoming element quantities.

Nodal integration can be traced back to the work of Beissel and Belytschko [44] for meshfree

Galerkin methods, where nodal integration emerged as an alternative to Gauss integration to

accelerate the numerical integration of the weak form integrals. The main difference between

these two types of numerical integration is that in nodal integration the weak form integrals are

sampled at the nodes, whereas in Gauss integration the integrals are numerically integrated in

the interior of the elements using cubature. Thus, in nodal integration, the state and history-

dependent variables in the weak form integrals naturally become nodal quantities, whereas in

Gauss integration these variables become element quantities. The obvious advantages of nodal

integration over Gauss integration can be summarized as follows. There are much less nodes than

Gauss points in the mesh, which results in huge computational savings when nodal integration is

employed. In nonlinear computations with nodally integrated weak form integrals, the state and

history-dependent variables are tracked only at the nodes. This feature can be exploited to avoid

mesh remapping of these variables in Lagrangian large deformation simulations with remeshing

(see, for instance, [45]), which is not possible when Gauss integration is used.

After the work of Beissel and Belytschko [44] nodal integration attracted great interest from

the meshfree community (e.g., see Refs. [46–56]) due to the improved robustness of this type of

integration over cell-based Gauss integration. Even though nodal integration greatly improves the

computational cost of meshfree Galerkin simulations, still there exists the computational burden of

meshfree basis functions (e. g., moving least-squares [57, 58], reproducing kernel [59] and maximum-

entropy [60–62] approximants), which includes the solution of an optimization problem and a

neighbor search at every integration node. Besides, meshfree basis functions generally do not vanish

on the boundary, which requires additional procedures to impose Dirichlet boundary conditions.

Regarding finite elements, there are various nodal integration approaches that use some form of

pressure or strain averaging at the nodes; for instance, the average nodal pressure tetrahedral
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element [63], node-based uniform strain triangular and tetrahedral elements [64], the averaged

nodal deformation gradient linear tetrahedral element [65], and the family of nodally integrated

continuum elements (NICE) and its derivative approaches [66–69, 69–72]. Recently, the node-

based uniform strain approach [64] was adopted in the nodal particle finite element method (N-

PFEM) [73, 74].

Nodal integration is prone to instabilities, and thus it requires stabilization. Stabilization is

also an important aspect within the theoretical framework of the VEM 1, and thus this represents

the main connection between nodal integration and the virtual element method. A summary of the

stability issue in nodal integration is provided in Ref. [45], where also a gradient-based stabilization

is proposed for small and Lagrangian large deformation simulations.

The VEM allows direct imposition of Dirichlet boundary conditions and its computational

cost is comparable to that of the finite element method [77]. In addition, it is equipped with

a stabilization procedure like in nodal integration. Regarding its sensitivity to mesh distortions,

several authors have reported very robust solutions under mesh distortions [5, 6, 12, 18, 78, 79]

and highly nonconvex elements [7, 13, 21, 37]. Since the VEM provides approximations that are

interpolatory, stiffness matrix stabilization, and robustness under mesh distortion without the

computational burden of meshfree methods, it is our opinion that the VEM will play a key role in

the development of robust nodal integration techniques, especially in extreme large deformations.

In Ref. [55], where a nodal integration for meshfree Galerkin methods is proposed, the meshfree

stiffness matrix was nodally integrated at the Voronoi sites of a background Voronoi tessellation. To

render the nodal integration consistent and stable, the nodally integrated meshfree stiffness matrix

was constructed using a meshfree version of the consistency and stability virtual element stiffness

matrix decomposition. The nodal integration at Voronoi sites, however, is not possible in the

standard VEM because of the following two issues: (a) it requires the evaluation of basis functions

from surrounding Voronoi sites at the edges of the Voronoi cell, which cannot be performed in

the VEM, and (b) the Voronoi sites contain the degrees of freedom while the VEM requires the

degrees of freedom at the vertices of the Voronoi cell. Therefore, to enable nodal integration in the

1Although stabilization-free virtual elements were recently proposed [75, 76].
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standard VEM a different approach must be devised.

In this exploratory paper, a combined nodal integration and virtual element method is proposed

using ideas taken from the node-based uniform strain approach of Dohrmann et al. [64] for finite

elements, wherein the strain is averaged at the nodes from the strain of surrounding elements. We

refer to the proposed approach as the node-based uniform strain virtual element method (NVEM).

The governing equations for linear elastostatics are provided in Section 2. Section 3 summarizes

the theoretical framework of the VEM for linear elasticity. The NVEM is developed in Section 4.

Stabilizations for the NVEM are discussed in Section 5. In Section 6, the numerical behavior of the

NVEM is examined through several benchmark problems in compressible and nearly incompressible

elasticity, and is also assessed in linear elastodynamics. Some concluding remarks along with

ongoing and future research directions are discussed in Section 7. To ease the reading of the

equations, a list of main symbols used throughout the paper is provided in Appendix A.

2. Governing equations

Consider an elastic body that occupies the open domain Ω ⊂ IR2 and is bounded by the one-

dimensional surface Γ whose unit outward normal is nΓ . The boundary is assumed to admit

decompositions Γ = ΓD ∪ ΓN and ∅ = ΓD ∩ ΓN , where ΓD is the Dirichlet boundary and ΓN is

the Neumann boundary. The closure of the domain is Ω = Ω ∪ Γ . Let u(x) : Ω → IR2 be the

displacement field at a point of the elastic body with position vector x when the body is subjected

to external tractions tN (x) : ΓN → IR2 and body forces b(x) : Ω → IR2. The imposed Dirichlet

(essential) boundary conditions are uD(x) : ΓD → IR2. The boundary-value problem for linear

elastostatics reads: find u(x) : Ω → IR2 such that

∇ · σ + b = 0 in Ω, (1a)

u = uD on ΓD, (1b)

σ · nΓ = tN on ΓN , (1c)

where σ is the Cauchy stress tensor.
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The Galerkin weak formulation of the above problem is: find u(x) ∈ V such that

a(u,v) = `(v) ∀v(x) ∈ W,

a(u,v) =

∫
Ω
σ(u) : ε(v) dx, `(v) =

∫
Ω
b · v dx +

∫
ΓN

tN · v ds,
(2)

where V denotes the space of admissible displacements and W the space of its variations, and ε is

the small strain tensor that is given by

ε(u) =
1

2
(u⊗∇ + ∇⊗ u) . (3)

3. Virtual element method for linear elasticity

The virtual element method (VEM) [1] is a generalization of the finite element method (FEM)

that can deal with very general meshes formed by elements with arbitrary number of edges (convex

or non-convex polygons); the mesh can even include elements with coplanar edges and collapsing

nodes, and non-matching elements. In the VEM, the displacement field is decomposed into a

polynomial part and other terms using a projection operator. Altogether, this procedure results in

an algebraic construction of the element stiffness matrix without the explicit construction of basis

functions (basis functions are virtual). The decomposition of the displacement field leads to the

following decomposition of the virtual element stiffness matrix:

KE = Kc
E + Ks

E , (4)

where Kc
E is the consistency part of the element stiffness matrix, which provides consistency to the

method (i.e., ensures patch test satisfaction), and Ks
E is the stability part of the element stiffness

matrix, which provides stability.

A brief summary of the VEM for linear elasticity is given next. All the derivations are presented

at the element level. Concerning the element, the following notation is used: the element is denoted

by E and its boundary by ∂E. The area of the element is denoted by |E|. The number of

edges/nodes of an element are denoted by NV
E . The unit outward normal to the element boundary
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in the Cartesian coordinate system is denoted by n = [n1 n2]
T. Fig. 1 depicts an element with

five edges (NV
E = 5), where the edge ea of length |ea| and the edge ea−1 of length |ea−1| are the

element edges incident to node a, and na and na−1 are the unit outward normals to these edges,

respectively.

a− 1

a

a + 1

E

na−1

ea

ea−1

na

Fig. 1: Schematic representation of a polygonal element of NV
E = 5 edges.

3.1. Projection operator

The fundamental procedure in the VEM is the decomposition of the displacement field into

its polynomial part and some additional terms that are generally nonpolynomials. To this end, a

projection operator Π is defined such that

uh = Πuh + (uh −Πuh), (5)

where uh is the displacement approximation on the element (trial function), Πuh is the polynomial

part of uh and uh −Πuh contains the nonpolynomial terms of uh.

In this paper, we restrict ourselves to low-order approximations; that is, Π is meant to project

onto the space of linear polynomials. Let xa = [x1a x2a]
T and ua = [u1a u2a]

T be the coordinates

and displacements of node a, respectively. At the element level, the projection operator onto the
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linear displacements can be defined as [8, 55, 77, 80]

Πuh =

 (x1 − x̄1) 0 1
2(x2 − x̄2) 1 0 1

2(x2 − x̄2)
0 (x2 − x̄2) 1

2(x1 − x̄1) 0 1 −1
2(x1 − x̄1)





ε̂11

ε̂22

2 ε̂12

ū1

ū2

2 ω̂12


, (6)

where x̄1 and x̄2 are the components of the mean of the values that the position vector x takes

over the vertices of the element; i.e.,

x̄ =

 x̄1

x̄2

 =
1

NV
E

NV
E∑

a=1

x(xa), (7)

and ū1 and ū2 are the components of the mean of the values that the displacement u takes over

the vertices of the element; i.e.,

ū =

 ū1

ū2

 =
1

NV
E

NV
E∑

a=1

u(xa). (8)

In other words, x̄ and ū represents the geometric center of the element and its associated displace-

ment vector, respectively; the terms ε̂ij are components of the element average ε̂ = 1
|E|
∫
E ε dx,

and ω̂12 is the component of the element average ω̂ = 1
|E|
∫
E ω dx, where ω is the skew-symmetric

tensor that represents rotations. These element averages are evaluated on the boundary of E by

invoking the divergence theorem, which gives the following identities:

ε̂(uh) =
1

|E|

∫
E
ε(uh) dx =

1

2|E|

∫
∂E

(uh ⊗ n + n⊗ uh) ds, (9)

ω̂(uh) =
1

|E|

∫
E
ω(uh) dx =

1

2|E|

∫
∂E

(uh ⊗ n− n⊗ uh) ds. (10)
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3.2. Discretization of field variables

Following a Galerkin approach, the element trial and test functions, uh and vh, respectively,

are assumed to be discretized as

uh =

 u1h

u2h

 =

NV
E∑

a=1

φa(x)ua, vh =

 v1h

v2h

 =

NV
E∑

a=1

φa(x)va, (11)

where {φa(x)}N
V
E

a=1 are basis functions that form a partition of unity. Eqns. (8)–(10) reveal that

all what is needed regarding the basis functions is the knowledge of their behavior on the element

boundary. Thus, in the linear VEM the following behavior for the basis functions is assumed on

the element boundary:

• basis functions are piecewise linear (edge by edge);

• basis functions are continuous on the element edges.

This means that the basis functions possess the Kronecker-delta property on the element edges,

and hence they behave like the one-dimensional hat function.

When establishing the element matrices, we will see that these matrices are written in terms of

the basis functions on the element boundary through (9) and the discretization of the displacements

using (11). The element matrices will be then computed algebraically using the above assumptions

in such a way that the basis functions are never computed. Thus, it is stressed that in the VEM

the basis functions are not (and do not need to be) known explicitly.

3.3. VEM bilinear form

The projection operator (6) is derived2 from the following orthogonality condition at the element

level:

aE(uh −Πuh,p) = aE(p,vh −Πvh) = 0 ∀p ∈ [P(E)]2, (12)

where [P(E)]2 is the space of linear displacements over the element. This orthogonality condition

states that the nonpolynomial terms uh−Πuh in E, measured in the energy norm, are orthogonal

2The derivation is given in Ref. [55]
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to [P(E)]2. Using the decomposition (5) along with condition (12), and noting that Πuh and Πvh

∈ [P(E)]2, the following VEM representation of the bilinear form is obtained:

aE(uh,vh) = aE(Πuh, Πvh) + aE(uh −Πuh,vh −Πvh). (13)

The VEM bilinear form can be further elaborated. For convenience, the projection operator

(6) is rewritten as

Πuh = h(x)ε̂(uh) + g(x)r(uh), (14)

where

h(x) =

 (x1 − x̄1) 0 1
2(x2 − x̄2)

0 (x2 − x̄2) 1
2(x1 − x̄1)

 , g(x) =

 1 0 1
2(x2 − x̄2)

0 1 −1
2(x1 − x̄1)

 , (15)

r(uh) =
[
ū1 ū2 2 ω̂12

]T
, (16)

and

ε̂(uh) =
[
ε̂11 ε̂22 2 ε̂12

]T
(17)

is the vector form of the element average strain. From now on, we always use this vector form

when referring to the element average strain ε̂.

Using the bilinear form written in terms of the vector form of the strain — that is, a(uh,vh) =∫
Ω ε

T(vh)D ε(uh) dx, where D is the constitutive matrix — and noting that r(uh) represents rigid

body translations and rotation, and that these do not produce strain energy, the first term on the

right-hand side of (13) can be written, as follows:

aE(Πuh, Πvh) =

∫
E

[
∂Πv1h
∂x1

∂Πv2h
∂x2

∂Πv1h
∂x2

+ ∂Πv2h
∂x1

]
D


∂Πu1h
∂x1

∂Πu2h
∂x2

∂Πu1h
∂x2

+ ∂Πu2h
∂x1

 dx
=

∫
E
ε̂T(vh)D ε̂(uh) dx. (18)
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For an isotropic linear elastic material, the constitutive matrix is given by

D =
EY

(1 + ν)(1− 2ν)


1− ν ν 0

ν 1− ν 0

0 0 1−2ν
2

 (19)

for plane strain condition, and

D =
EY

1− ν2


1 ν 0

ν 1 0

0 0 1−ν
2

 (20)

for plane stress condition, where EY is the Young’s modulus and ν is the Poisson’s ratio.

The second term on the right-hand side of (13) can be written as

aE(uh −Πuh,vh −Πvh) = (1−Π)TaE(vh,uh)(1−Π), (21)

which reveals that aE(uh −Πuh,vh −Πvh) is not computable since aE(vh,uh) would need to be

evaluated inside the element using cubature, but the VEM basis functions are not known inside

the element. However, since aE(uh−Πuh,vh−Πvh) is meant to only provide stability, aE(vh,uh)

can be conveniently approximated by a bilinear form sE(·, ·) that is computable while preserving

the coercivity of the system. In other words, sE(vh,uh) must be positive definite and scale like

aE(·, ·) in the kernel of Π [1, 8].

Using (18) and (21) with the approximation aE(vh,uh) = sE(vh,uh), the VEM bilinear form

for linear elasticity is written as

ah,E(uh,vh) =

∫
E
ε̂T(vh)D ε̂(uh) dx + (1−Π)TsE(vh,uh)(1−Π) (22)
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3.4. VEM element stiffness matrix

The discrete element average strain is computed using (11), as follows:

ε̂h(uh) = ε̂

NV
E∑

a=1

φa(x)ua

 = Bd, (23)

where

d =
[
u11 u21 · · · u1a u2a · · · u1NV

E
u2NV

E

]T
(24)

is the column vector of element nodal displacements and

B =
[
B1 · · ·Ba · · · BNV

E

]
, Ba =


q1a 0

0 q2a

q2a q1a

 , (25)

where qia = 1
|E|
∫
∂E φa(x)ni ds. Since the VEM basis functions are assumed to be piecewise linear

(edge by edge) and continuous on the element boundary, qia can be exactly computed using a

trapezoidal rule, which gives the following algebraic expression:

qia =
1

2|E|
(
|ea−1|ni(a−1) + |ea|nia

)
, i = 1, 2, (26)

where nia is the i-th component of na and |ea| is the length of the edge incident to node a as

defined in Fig. 1. Using (23) and noting that ε̂ and D are constant over the element, the discrete

version of the first term on the right-hand side of (22) is written as

∫
E
ε̂Th (vh)D ε̂h(uh) dx = |E| ε̂Th (vh)D ε̂h(uh) = qT

(
|E|BTDB

)
d, (27)

where q is a column vector similar to (24) that contains the element nodal values associated with

vh.

To obtain the discrete version of the second term on the right-hand side of (22), the discretiza-

tion of Π is required. This demands the discretization of h(x), ε̂(uh), g(x) and r(uh). The
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discretization of ε̂(uh) is given in (23). The remainder terms are discretized, as follows:

hh(x) =

NV
E∑

a=1

φa(x)h(xa) = NH, (28)

gh(x) =

NV
E∑

a=1

φa(x)g(xa) = NG, (29)

rh = r

NV
E∑

a=1

φa(x)ua

 = Rd, (30)

where

N =
[
N1 · · · Na · · · NNV

E

]
, Na =

 φa(x) 0

0 φa(x)

 , (31)

H =



H1

...

Ha

...

HNV
E


, Ha =

 (x1a − x̄1) 0 1
2(x2a − x̄2)

0 (x2a − x̄2) 1
2(x1a − x̄1)

 , (32)

G =



G1

...

Ga

...

GNV
E


, Ga =

 1 0 1
2(x2a − x̄2)

0 1 −1
2(x1a − x̄1)

 , (33)

and

R =
[
R1 · · · Ra · · · RNV

E

]
, Ra =


1
NV
E

0

0 1
NV
E

q2a −q1a

 . (34)
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Therefore, the discrete Π can be written as

Πhuh = NHBd + NGRd = N(HB + GR)d, (35)

which defines the projection matrix as

P = HB + GR. (36)

Using the projection matrix and the discrete field uh =
∑NV

E
a=1 φa(x)ua = Nd, the discrete

version of the second term on the right-hand side of (22) is

qT(I−P)TsE(NT,N)(I−P)d = qT(I−P)T S (I−P)d. (37)

Finally, using (27) and (37), the discrete VEM bilinear form is written as

ah,E(uh,vh) = qT
{
|E|BTDB + (I−P)T S (I−P)

}
d, (38)

which defines the element stiffness matrix as the sum of the element consistency stiffness matrix,

Kc
E , and the element stability stiffness matrix, Ks

E , as follows:

KE = Kc
E + Ks

E , Kc
E = |E|BTDB, Ks

E = (I−P)T S (I−P). (39)

3.5. VEM element force vector

For linear fields, the VEM version of the loading term in the weak form (2) is computed at the

element level, as follows [1, 3, 5]:

`bE(vh) =

∫
E
b̂ · v̄h dx = |E| b̂ · v̄h, b̂ =

1

|E|

∫
E
b dx, v̄h =

1

NV
E

NV
E∑

a=1

vh(xa) (40)
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for the loading term associated with the body forces, and similarly

`te(vh) = |e| t̂N · v̄h, t̂N =
1

|e|

∫
e
tN ds, v̄h =

1

NV
e

NV
e∑

a=1

vh(xa) (41)

for the loading term associated with the tractions applied on an edge located on the Neumann

boundary, where e and |e| are as defined in Fig. 1 and NV
e is the number of nodes of the edge. The

discrete versions of these loading terms are `bh,E(vh) = qTf bE and `th,e(vh) = qTf te, where f bE and f te

are the element force vectors given, respectively, by

f bE = |E| N̄Tb̂, (42)

where

N̄ =
[
N̄1 · · · N̄a · · · N̄NV

E

]
, N̄a =

 1
NV
E

0

0 1
NV
E

 , (43)

and

f te = |e| N̄T
Γ t̂N , (44)

where

N̄Γ =

 1
NV
e

0 1
NV
e

0

0 1
NV
e

0 1
NV
e

 =

 1
2 0 1

2 0

0 1
2 0 1

2

 (45)

since the number of nodes of an edge is NV
e = 2.

4. Node-based uniform strain virtual element method (NVEM)

The virtual element method for linear elasticity described in Section 3 is prone to volumetric

locking in the limit ν → 1/2. Using the virtual element mesh and considering a typical nodal vertex

I, we propose to use a nodal averaging operator πI in (13) that is designed to preclude volumetric

locking without introducing additional degrees of freedom. This nodal averaging operator leads to

a nodal version of the VEM bilinear form, as follows:

ah,I(uh,vh) = aI(πI [Πuh], πI [Πvh]) + sI(πI [uh −Πuh], πI [vh −Πvh]), (46)
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where according to the VEM theory, sI(πI [uh−Πuh], πI [vh−Πvh]) is a computable approximation

to aI(πI [uh −Πuh], πI [vh −Πvh]) and is meant to provide stability. The notations aI and sI are

introduced as the nodal counterparts of the element bilinear form aE and its stabilization term sE ,

respectively.

4.1. Construction of the nodal averaging operator

Each node of the mesh is associated with their own patch of virtual elements. The patch for

node I is denoted by TI and is defined as the set of virtual elements connected to node I (see Fig. 2).

Each node of a virtual element E in the patch is assigned the area 1
NV
E

|E|; that is, the area of an

element is uniformly distributed among its nodes. The representative area of node I is denoted by

|I| and is computed by addition of all the areas that are assigned to node I from the elements in

TI ; that is,

|I| =
∑
E∈TI

1

NV
E

|E|. (47)

Similarly, each node of a virtual element E is uniformly assigned the strain 1
NV
E

ε̂(uh). On consid-

ering each strain assigned to node I from the elements in TI , we define the node-based uniform

strain, as follows:

ε̂I(uh) =
1

|I|
∑
E∈TI

|E| 1

NV
E

ε̂(uh). (48)

Since ε̂(uh) is by definition given at the element level, then from Eq. (48) the following nodal

averaging operator is proposed:

πI [ · ] =
1

|I|
∑
E∈TI

|E| 1

NV
E

[ · ]E , (49)

where [ · ]E denotes evaluation over the element E. Using this nodal averaging operator, the nodal

representation of a function F is obtained as

FI = πI [F ] =
1

|I|
∑
E∈TI

|E| 1

NV
E

[F ]E . (50)

The idea of having a nodal strain (like the one in (48)) that is representative of the nodal patch
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I

Fig. 2: Nodal patch TI (shaded elements) formed by the virtual elements that are connected to node I.

TI has long been used in meshfree and finite element nodal integration techniques [45, 51, 63–

67, 69, 70, 81]. In particular, the node-based uniform strain approach was developed for three-

node triangular and four-node tetrahedral elements in Ref. [64], and proved to perform well for

nearly incompressible solids. However, that approach presented stability issues in some particular

instances and required stabilization [45]. Within the VEM framework, stabilization is obtained

by construction of the method, and hence in combining the node-based uniform strain approach

with the VEM no stability issues will arise (we demonstrate this through numerical experiments

in Section 6).

4.2. NVEM bilinear form

Using the nodal averaging operator (49), the nodal representation of the VEM bilinear form

for linear elasticity (Eq. (22)) is written as

ah,I(uh,vh) = |I| ε̂TI (vh)D ε̂I(uh) + (1−Π)TI sI(vh,uh)(1−Π)I . (51)

Let N be the total number of nodes in the mesh. The global bilinear form is obtained by

summing through the N nodes, as follows:

ah(uh,vh) =
N∑
I=1

[
|I| ε̂TI (vh)D ε̂I(uh) + (1−Π)TI sI(vh,uh)(1−Π)I

]
. (52)
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4.3. NVEM nodal stiffness matrix

The nodal stiffness matrix that arises from (51) is the nodal version of (39). This gives

KI = Kc
I + Ks

I , Kc
I = |I|BT

I DBI , Ks
I = (I−P)TI SI (I−P)I , (53)

where BI = πI [B ], (I−P)I = πI [ I−P ], and the stability matrix SI is defined in Section 5.

4.4. NVEM nodal force vector

The nodal force vector associated with the body forces is the nodal representation of (42) and

is given by

f bI = |I| N̄T
I b̂I , (54)

where N̄I = πI [ N̄ ] and b̂I = πI [ b̂ ]. Similarly, the nodal force vector associated with the tractions

is given by the nodal representation of (44), as follows:

f tI = |I| N̄T
Γ,I t̂N,I , (55)

where the nodal components are now computed with respect to the one-dimensional domain on

the Neumann boundary; that is, |I| =
∑

e∈TI
1
2 |e|, where e is an element’s edge located on the

Neumann boundary and |e| its length; TI now represents the set of edges connected to node I on

the Neumann boundary. Proceeding as mentioned, the remainder nodal matrices are

N̄Γ,I =
1

|I|
∑
e∈TI

|e| 1
2

[ N̄Γ ]e , (56)

and

t̂N,I =
1

|I|
∑
e∈TI

|e| 1
2

[ t̂N ]e . (57)

5. Stabilization for the node-based uniform strain virtual element method

Within the VEM framework, stabilization is one of the key ingredients to guarantee convergence.

However, in nodal integration, stabilization can make the formulation somewhat stiff in the nearly
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incompressible limit [51]. To mitigate this, a modified constitutive matrix D̃ can be used in lieu

of the standard D when computing the stability matrix. We opt for D̃ given as follows [45]:

D̃ = D
(
Ẽ, ν̃

)
, (58)

where

Ẽ =
ν̃
(

3λ̃+ 2µ̃
)

λ̃+ µ̃
, ν̃ =

λ̃

2
(
λ̃+ µ̃

) ; (59)

λ̃ and µ̃ are, respectively, the modified Lamé’s first and second parameters, which are calculated

as follows:

µ̃ := µ, λ̃ := min (λ, 25µ̃), (60)

where λ and µ are the Lamé parameters of the problem to solve. Similarly, another possibility to

mitigate the stiff response is offered by the use of a modified constitutive matrix Dµ given by

Dµ =


2µ 0 0

0 2µ 0

0 0 µ

 , (61)

which omits the pressure parameter λ(ε11 + ε22) that is responsible of the possible stiff behavior.

Alternatively, a simpler definition of Dµ that produces practically identical results is obtained using

the constitutive matrix that is related to the shear deformations; i.e.,

Dµ =


0 0 0

0 0 0

0 0 µ

 . (62)

We point out that the foregoing stabilization procedure with Dµ as given in (62) is similar to

one of the stabilization approaches in the B-bar VEM [7] (see Appendix A therein).

Using the modified constitutive matrices, we define the stability matrix as the nodal version

of the D-recipe stabilization technique [78, 82]. This gives two diagonal stability matrices whose
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entries are given by

(SI)i,i = max
(

1,
(
|I|BT

I D̃BI

)
i,i

)
(63)

and

(SI)i,i = max
(

1,
(
|I|BT

I DµBI

)
i,i

)
. (64)

We refer to (63) and (64), respectively, as D̃ and Dµ stabilizations.

6. Numerical experiments

In this section, numerical experiments are conducted to demonstrate the accuracy, convergence

and stability of the NVEM for compressible and nearly incompressible linear elastostatics. In

addition, the performance of the NVEM in linear elastodynamics is also demonstrated. For the

elastostatic numerical experiments, the numerical results are compared with the B-bar VEM [7]

and the standard linear VEM. For the elastodynamic numerical experiments, the numerical results

are compared with the finite element method (FEM) using eight-node quadrilateral elements (Q8).

To assess the convergence of the numerical solution of the NVEM approach, we use the nodal

values of the exact displacement, strain and pressure fields, that is, u(xI), ε(xI) and p(xI), respec-

tively, and define the following nodal errors at node I:

eu = u(xI)− uI , eε = ε(xI)− ε̂I ep = p(xI)− pI ,

where uI , ε̂I and pI = −λ trace (ε̂I) are the nodal values of the displacement, strain and pressure

fields approximations, respectively. Using the nodal errors, the following norms are evaluated

through nodal integration in the NVEM approach:

‖u(x)− uh(x)‖L2(Ω)

‖u(x)‖L2(Ω)
=

√ ∑N
I=1 e

T
ueu |I|∑N

I=1 u
T(xI)u(xI) |I|

,

‖u(x)− uh(x)‖H1(Ω)

‖u(x)‖H1(Ω)
=

√ ∑N
I=1 e

T
ε Deε |I|∑N

I=1 ε
T(xI)D ε(xI) |I|

,
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‖p(x)− ph(x)‖L2(Ω)

‖p(x)‖L2(Ω)
=

√√√√ ∑N
I=1 e

T
p ep |I|∑N

I=1 p
T(xI) p(xI) |I|

.

For the standard VEM and the B-Bar VEM approaches, the above norms are evaluated using

cubature inside the element through partition of the element into triangles and the errors defined

at the element level as eu = u(x) − Πuh(x), eε = ε(x) − ε̂h(uh) and ep = p(x) − ph(x), where

ph(x) = −λ trace (ε̂h(uh)).

6.1. Patch test and numerical stability

With dimensions in inches, we investigate the accuracy and numerical stability of the proposed

NVEM approach by solving displacement patch tests and eigenvalue analyses on the meshes shown

in Fig. 3 for the square domain Ω = (0, 1)2. In both problems b = 0 lbf/in3 and plane strain

condition is assumed with the following material parameters: E = 1 × 107 psi and ν = 0.3. For

the displacement patch test, the Dirichlet boundary condition uD = {x1 x1 + x2}T in inches is

prescribed along the entire boundary of the domain. Numerical results for the relative error in the

L2 norm and the H1 seminorm are presented in Tables 1 and 2, respectively, where it is confirmed

that the patch test is met to machine precision.

The eigenvalue analyses delivers three zero eigenvalues, which corresponds to the three zero-

energy rigid body modes. The three mode shapes that follow the three rigid body modes are

depicted in Fig. 4 for the distorted mesh. These mode shapes are smooth, which is an indication

of the numerical stability of the method.

Table 1: Relative error in the L2 norm for the displacement patch tests.

Method Regular Distorted

NVEM, D̃ 7.8× 10−16 9.7× 10−16

NVEM, Dµ 4.8× 10−16 3.9× 10−16

6.2. Colliding flow

We consider a simple model of colliding flow, which is a well-known standard benchmark prob-

lem (for example, see Refs. [83]) that is described by the Stokes equations. Since the Stokes flow
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(a) (b)

Fig. 3: Meshes used for the displacement patch tests and numerical stability. (a) Regular mesh and (b) distorted
mesh.

Table 2: Relative error in the H1 seminorm for the displacement patch tests.

Method Regular Distorted

NVEM, D̃ 5.9× 10−16 8.2× 10−16

NVEM, Dµ 8.0× 10−16 6.6× 10−16

equations coincide with the equations that govern the static incompressible elasticity, the colliding

flow can be solved using the linear elastostatic model with the following constitutive matrix:

D =


λ+ 2µ λ 0

λ λ+ 2µ 0

0 0 µ

 ,

where the Lamé parameters are set to λ = 5×107 psi and µ = 1 psi, which results in a Poisson’s ratio

ν = 0.49999999. For dimensions in inches, the problem is defined on the square domain Ω = (0, 2)2

and Dirichlet boundary conditions are imposed along the entire boundary of the domain using the
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(a) (b) (c)

(d) (e) (f)

Fig. 4: Eigenvalue analyses on the distorted mesh. A pictorial of the three mode shapes that follow the three rigid
body modes. (a)–(c) NVEM with D̃ stabilization and (d)–(f) NVEM with Dµ stabilization.

following analytical solution [83]:

u1 = 20(x1 − 1)(x2 − 1)3 (65a)

u2 = 5(x1 − 1)4 − 5(x2 − 1)4 (65b)

p = 60(x1 − 1)2(x2 − 1)− 20(x2 − 1)3, (65c)

where u1 and u2 are the components of the velocity field u in inches, and p is the pressure field

in psi. The stabilizations presented in Section 5 are considered to assess the convergence of the

method upon mesh refinement. A sample polygonal mesh used in the convergence study is shown

in Fig. 5.

We start by showing the need for stability in the NVEM approach. Fig. 6 presents a comparison

between unstabilized and stabilized solutions for the nodal fields ‖uh‖ and ph — scatter plots are

used for the NVEM as in this approach the field variables are known at the nodes. The unstabilized

solutions exhibit marked spurious oscillations at the corners (0, 0) and (2, 0) (Figs. 6(a) and 6(c)),
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Fig. 5: Sample mesh for the colliding flow problem.

whereas the stabilized solutions become smooth on the whole domain (Figs. 6(b) and 6(d)).

The convergence and accuracy of the NVEM with D̃ and Dµ stabilizations are demonstrated

in Fig. 7, where the L2 norm and the H1 seminorm of the displacement error, and the L2 norm

of the pressure error indicate accurate solutions with optimal convergence rates of 2, 1 and 1,

respectively. In comparison with the B-bar VEM approach, which is also accurate and optimally

convergent, the NVEM approach is slightly more accurate in the H1 seminorm of the displacement

error and the L2 norm of the pressure error. Finally, as expected, in these convergence plots the

standard VEM solution behaves very inaccurate due to volumetric locking.

6.3. Cantilever beam subjected to a parabolic end load

With dimensions in inches, a cantilever beam of unit thickness whose domain of analysis is

Ω = (0, 8) × (−2, 2) is subjected to a parabolic end load P that is applied on the edge x = 8.

The Dirichlet boundary conditions are applied on the edge x = 0 according to the following exact

solution given by Timoshenko and Goodier [84] for plane strain state:

u1 = − Px2

6EY I

(
(6L− 3x1)x1 + (2 + ν)x22 −

3D2

2
(1 + ν)

)
,

u2 =
P

6EY I

(
3νx22(L− x1) + (3L− x1)x21

)
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(a) (b)

(c) (d)

Fig. 6: Comparison between unstabilized and stabilized solutions in the NVEM for the colliding flow problem. (a)
Unstabilized ‖uh‖ (in), (b) stabilized ‖uh‖ (in), (c) unstabilized ‖ph‖ (psi) and (d) stabilized ‖ph‖ (psi).

with EY = EY /
(
1− ν2

)
and ν = ν/ (1− ν), where EY and ν are the Young’s modulus and the

Poisson’s ratio of the linear elastic material, respectively; L is the length of the beam, D is the

height of the beam, and I is the second-area moment of the beam section. The total load on the

Neumann boundary is P = −1000 lbf. The geometry and boundary conditions, and a sample

polygonal mesh used in this study are shown in Fig. 8.

The convergence and accuracy of the NVEM is studied for two sets of material parameters.

The first set is E = 107 psi and ν = 0.3 (compressible elasticity), and the second set is E = 107

psi and ν = 0.499999 (nearly incompressible elasticity).
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(a) (b)

(c)

Fig. 7: Colliding flow problem. Convergence rates in the (a) L2 norm of the displacement error, (b) H1 seminorm of
the displacement error and (c) L2 norm of the pressure error for the VEM, B-bar VEM and NVEM.

6.3.1. Compressible elasticity

For compressible elasticity, Fig. 9 presents the L2 norm and the H1 seminorm of the displace-

ment error, and the L2 norm of the pressure error, where it is observed that accurate solutions with

optimal convergence rates of 2, 1 and 1, respectively, are delivered by the NVEM with D̃ and Dµ

stabilizations. The VEM and the B-bar VEM also exhibit accurate solutions with optimal rates

of convergence. In comparison with the VEM and the B-bar VEM, the NVEM is more accurate

in the H1 seminorm of the displacement error and the L2 norm of the pressure error, whereas less

accurate in the L2 norm of the displacement error.
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Fig. 8: Cantilever beam (a) geometry and boundary conditions, and (b) a sample mesh.

6.3.2. Nearly incompressible elasticity

For nearly incompressible elasticity, the NVEM and the B-bar VEM are accurate and optimally

convergent, as shown in Fig. 10. Like in the compressible case, the NVEM is more accurate than

the B-bar VEM in the H1 seminorm of the displacement error and the L2 norm of the pressure

error, whereas less accurate in the L2 norm of the displacement error. As expected, Fig. 10 also

exhibits very inaccurate solutions for the VEM due to volumetric locking.

6.4. Cook’s membrane

This standard benchmark problem is suitable to test the performance of numerical formulations

for nearly incompressible solid materials under combined bending and shear. The geometry and

boundary conditions for this problem are schematically shown in Fig. 11. There, the left edge is

clamped and the right edge is subjected to a shear load P = 6.25 N/mm (total shear load of 100

N). The following material parameters are used: E = 250 MPa and ν = 0.4999. In this example,

a non standard mesh is tested. To this end, we define a master multielement region formed by

five polygons, as shown in Fig. 12(a), where the center polygon is an eight-point star known as

‘Guñelve’. This master multielement is mapped into the membrane geometry several times to form

the mesh. A sample ‘Guñelve’ mesh is shown in Fig. 12(b).

The convergence of the vertical tip displacement at point A upon mesh refinement is studied.

For comparison purposes, a reference solution for the vertical tip displacement is found using a
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(a) (b)

(c)

Fig. 9: Cantilever beam problem with material parameters EY = 107 psi and ν = 0.3. Convergence rates in the (a)
L2 norm of the displacement error, (b) H1 seminorm of the displacement error and (c) L2 norm of the pressure error
for the VEM, B-bar VEM and NVEM.

highly refined mesh of eight-node quadrilateral finite elements. The result of this study is sum-

marized in Fig. 13, where it is shown that the B-bar VEM and the NVEM solutions approach the

reference value as the mesh is refined, and, as expected, the standard VEM exhibits very poor

convergence due to volumetric locking.

Plots of the vertical displacement, pressure and von Mises stress fields are presented in Figs.

14, 15 and 16, respectively. Scatter plots are used for the NVEM as in this approach the field

variables are known at the nodes. As expected, a very good agreement between the NVEM and
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(a) (b)

(c)

Fig. 10: Cantilever beam problem with material parameters EY = 107 psi and ν = 0.499999. Convergence rates
in the (a) L2 norm of the displacement error, (b) H1 seminorm of the displacement error and (c) L2 norm of the
pressure error for the VEM, B-bar VEM and NVEM.

the B-bar VEM solutions is observed in these plots.

6.5. Infinite plate with a circular hole

This example is devoted to study an infinite plate with a circular hole that is loaded at infinity

with the following tractions: σ11 = T and σ22 = σ12 = 0 (see Fig. 17(a)). Due to the symmetry of

the geometry and boundary conditions, a quarter of the domain is used as the domain of analysis

(see Fig. 17(b)). Plane stress and plane strain conditions are considered. For plane stress condition,

the material parameters are set to EY = 103 psi and ν = 0.3 (compressible elasticity), and for plane
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Fig. 11: Geometry and boundary conditions for the Cook’s membrane problem (dimensions in mm).
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Fig. 12: Cook’s membrane problem. (a) Master multielement. The center polygon defines an eight-point star known
as ‘Guñelve’; (b) a sample ‘Guñelve’ mesh.

strain condition, they are set to EY = 103 psi and ν = 0.499999 (nearly incompressible elasticity).

The exact solution is given by [84]

u =


T
4G

(
κ+1
2 r cos θ +

r20
r

(
(κ+ 1) cos θ + cos 3θ

)
− r40

r3
cos 3θ

)
T
4G

(
κ−3
2 r sin θ +

r20
r

(
(κ− 1) sin θ + sin 3θ

)
− r40

r3
sin 3θ

)
 ,
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Fig. 13: Convergence of the vertical displacement at the tip of the Cook’s membrane (point A) upon mesh refinement
for the VEM, B-bar VEM and NVEM.

where G = EY/(2(1 + ν)) and κ = (3− ν)/(1 + ν). The exact stress field is


σ11

σ22

σ12

 =


T

(
1− r20

r2

(
3
2 cos 2θ + cos 4θ

)
+

3r40
2r4

cos 4θ

)
−T
(
r20
r2

(
1
2 cos 2θ − cos 4θ

)
+

3r40
2r4

cos 4θ

)
−T
(
r20
r2

(
1
2 sin 2θ + sin 4θ

)
− 3r40

2r4
sin 4θ

)

 ,

where r is the radial distance from the center (x1 = 0, x2 = 0) to a point (x1, x2) in the domain of

analysis. In the computations, the following data are used: T = 100 psi, r0 = 1 in and a = 5 in.

The Dirichlet boundary conditions in inches are imposed on the domain of analysis (Fig. 17(b))

as follows: u1D = 0 on the left side and u2D = 0 on the bottom side. The Neumann boundary

conditions are prescribed using the exact stresses, as follows: tN =
[
t1N t2N

]T
=
[
σ12 σ22

]T
on the top side and tN =

[
t1N t2N

]T
=
[
σ11 σ12

]T
on the right side.

In this example, regular, distorted and random meshes are used. For each of them, Fig. 18

shows a sample mesh. The random meshes are built using Polylla, a polygonal mesh generator [85].

Polylla generates meshes from any input triangulation (in this case, a Delaunay triangulation) using

the longest-edge propagation path [86] and terminal-edge region concepts.
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(a) (b)

(c)

Fig. 14: Cook’s membrane problem. Plots of the vertical displacement field solution (u2,h) in mm for the (a) NVEM
(D̃ stabilization), (b) NVEM (Dµ stabilization) and (c) B-bar VEM approaches. Plots are deformed according to
u2,h.

6.5.1. Compressible elasticity

In terms of accuracy and convergence upon mesh refinement, Fig. 19 reveals that for the

compressible case on regular meshes all the methods are accurate and converge optimally in the

L2 norm and H1 seminorm of the displacement error, and the L2 norm of the pressure error (rates

of 2, 1 and 1, respectively). In the L2 norm of the displacement error, the VEM and the B-bar
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(a) (b)

(c)

Fig. 15: Cook’s membrane problem. Plots of the pressure field solution (ph) in MPa for the (a) NVEM (D̃ stabiliza-
tion), (b) NVEM (Dµ stabilization) and (c) B-bar VEM approaches. Plots are deformed according to ‖uh‖.

VEM are more accurate than the NVEM. In the H1 seminorm of the displacement error and the

L2 norm of the pressure error, the VEM, the B-bar VEM and the NVEM with D̃ stabilization

behave similar, while the NVEM with Dµ stabilization delivers the most accurate solution.
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(a) (b)

(c)

Fig. 16: Cook’s membrane problem. Plots of the von Mises stress field solution (σvm,h) in MPa for the (a) NVEM
(D̃ stabilization), (b) NVEM (Dµ stabilization) and (c) B-bar VEM approaches. Plots are deformed according to
‖uh‖.

6.5.2. Nearly incompressible elasticity

For the nearly incompressible case, regular, distorted and random meshes are considered. On

regular and distorted meshes, the B-bar VEM and the NVEM are accurate and optimally conver-

gent in the three norms (see Figs. 20 and 21), whereas, as expected, the VEM is severely inaccurate

due to volumetric locking. In comparison with the B-bar VEM, Figs. 20 and 21 show that the
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Fig. 17: Geometry and boundary conditions for the infinite plate with a circular hole. (a) Infinite domain and (b) a
quarter of the domain.

NVEM is slightly more accurate in the H1 seminorm of the displacement error and the L2 norm

of the pressure error, whereas less accurate in the L2 norm of the displacement error. We also

observe that between the two stabilized NVEM, the NVEM with Dµ stabilization is slightly more

accurate.

On random meshes, the B-bar VEM and the NVEM are accurate and optimally convergent

in the three norms (Fig. 22), whereas the VEM is severely inaccurate due to volumetric locking.

Fig. 22(a) reveals that in the L2 norm of the displacement error the NVEM with D̃ stabilization is

less accurate than the B-bar VEM, whereas slightly more accurate when Dµ stabilization is used.

Regarding the H1 seminorm of the displacement error, Fig. 22(b) shows that the B-bar VEM and

the NVEM with D̃ stabilization behave similar, while the NVEM with Dµ stabilization is the most

accurate. With respect to the L2 norm of the pressure error, the B-bar VEM is slightly more

accurate than the NVEM approach (Fig. 22(c)).

Finally, plots of the displacement, pressure and von Mises stress fields are presented in Figs.

23, 24 and 25, respectively. Scatter plots are used for the NVEM as in this approach the field

variables are known at the nodes. A very good agreement between the NVEM and the B-bar VEM

solutions is found in these plots.
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Fig. 18: Sample meshes for a quarter of the infinite plate with a circular hole. (a) Regular, (b) distorted and (c)
random meshes.

6.6. Dynamic response of a cantilever beam

The last numerical example aims to assess the NVEM approach in an elastodynamic analysis

of a cantilever beam subjected to a point force that is applied at the tip of the beam. Three cases

are considered for the tip load: a constant impact load, a variable impact load and a harmonic

load. The body force due to the acceleration of gravity is present at all times in the analysis. The

beam geometry and boundary conditions are shown in Fig. 26. Four meshes of increasing density

are considered, which are shown in Fig. 27. For each of the three cases considered, a reference

solution is obtained with a highly refined mesh of eight-node quadrilateral finite elements (FEM,
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(a) (b)

(c)

Fig. 19: Infinite plate with a circular hole problem on regular meshes. Material parameters EY = 103 psi and ν = 0.3
for plane stress condition. Convergence rates in the (a) L2 norm of the displacement error, (b) H1 seminorm of the
displacement error and (c) L2 norm of the pressure error for the VEM, B-bar VEM and NVEM.

Q8) consisting of 62850 degrees of freedom.

The semidiscrete equation of motion of the elastodynamic problem is given by [87]

Md̈ + Cḋ + Kd = F,

where M is the global mass matrix, C is the global viscous damping matrix, K is the global stiffness

matrix, F is the global vector of external forces, and d̈, ḋ and d are the nodal accelerations, nodal
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Fig. 20: Infinite plate with a circular hole problem (regular meshes). Material parameters EY = 103 psi and
ν = 0.499999 for plane strain condition. Convergence rates in the (a) L2 norm of the displacement error, (b) H1

seminorm of the displacement error and (c) L2 norm of the pressure error for the VEM, B-bar VEM and NVEM.

velocities and nodal displacements, respectively. In the NVEM, K and F are formed, respectively,

by assembling the element matrices KI and fI that were developed in the preceding sections. The

element mass matrix for the NVEM can be constructed following the construction of the element

mass matrix for the VEM as given in Ref. [88], which, in the notation used in the present article,

is:

(ME)ab = ρ

(∫
E
ΠφaΠφb dx + |E|

[
(I−P)T(I−P)

]
ab

)
.

Notice that applying the averaging operator πI to Πφa, that is πI [Πφa] = (Πφa)I , gives a constant
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(a) (b)

(c)

Fig. 21: Infinite plate with a circular hole problem (distorted meshes). Material parameters EY = 103 psi and
ν = 0.499999 for plane strain condition. Convergence rates in the (a) L2 norm of the displacement error, (b) H1

seminorm of the displacement error and (c) L2 norm of the pressure error for the VEM, B-bar VEM and NVEM.

matrix representing the evaluation of Πφa at node I. Hence, the NVEM representation of the

element mass matrix is written as follows:

(MI)ab = ρ |I|
(

(Πφa)I(Πφb)I +
[
(I−P)TI (I−P)I

]
ab

)
.

The damping matrix is estimated using the Rayleigh formula [87]:

C = q1M + q2K,
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(a) (b)

(c)

Fig. 22: Infinite plate with a circular hole problem (random meshes). Material parameters EY = 103 psi and
ν = 0.499999 for plane strain condition. Convergence rates in the (a) L2 norm of the displacement error, (b) H1

seminorm of the displacement error and (c) L2 norm of the pressure error for the VEM, B-bar VEM and NVEM.

where q1 and q2 are constant input parameters. The Hilber-Hughes-Taylor α-method [87] is used

to solve the semidiscrete equation of motion, which is an implicit, second-order accurate, uncon-

ditionally stable algorithm with high-frequency numerical dissipation. The α-method leads to the

trapezoidal rule for time stepping when the parameter α is set to zero.

The following input data is used for all the simulations performed in this example: D̃ stabi-

lization (results are not affected if Dµ stabilization is chosen instead), plane stress assumption,

beam thickness 20 mm, Young’s modulus EY = 200000 MPa, Poisson’s ratio ν = 0.3, mass density
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(a) (b)

(c)

Fig. 23: Infinite plate with a circular hole problem. Material parameters EY = 103 psi and ν = 0.499999 for
plane strain condition. Plots of the norm of the displacement field solution (‖uh‖) in inches for the (a) NVEM (D̃
stabilization), (b) NVEM (Dµ stabilization) and (c) B-bar VEM approaches.

ρ = 7.85 × 10−9 t/mm3, acceleration of gravity g = 9800 mm/s2, Rayleigh damping parameters

q1 = 0.025 and q2 = 0.001, α-method parameter α = −0.1, time interval in seconds [0, 1.6], time

step ∆t = 0.001 s — the time step is chosen according to the usual rule that the period associated

with the lowest natural frequency is at least 30 times the time step size. Using the Euler-Bernoulli

theory to estimate the lowest natural frequency gives 18.12 hz; hence, the step size is chosen such

that ∆t < (1/18.12)/30 = 0.0018 s.
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(a) (b)

(c)

Fig. 24: Infinite plate with a circular hole problem. Material parameters EY = 103 psi and ν = 0.499999 for plane
strain condition. Plots of the pressure field solution (ph) in psi for the (a) NVEM (D̃ stabilization), (b) NVEM (Dµ

stabilization) and (c) B-bar VEM approaches.

6.6.1. Constant impact load

The beam is initially undeformed and at rest. A constant impact load P = −10000 N is applied

at time t = 0 s at the tip of the beam (point A) and is assumed to remain fixed throughout the

time interval of analysis. Fig. 28 presents the response curves at point A for the meshes shown

in Fig. 27. As expected, it is observed that with mesh refinement the accuracy of the dynamic

response increases. In particular, the finer mesh (mesh (d)) matches very well with the reference

finite element dynamic response.
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(a) (b)

(c)

Fig. 25: Infinite plate with a circular hole problem. Material parameters EY = 103 psi and ν = 0.499999 for plane
strain condition. Plots of the von Mises stress field solution (σvm,h) in psi for the (a) NVEM (D̃ stabilization), (b)
NVEM (Dµ stabilization) and (c) B-bar VEM approaches.

x2

P

x1

200 mm

3000 mm

A

Fig. 26: Geometry and boundary conditions for the dynamic response of a cantilever beam problem.
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(a)

(b)

(c)

(d)

Fig. 27: Meshes for the dynamic response of a cantilever beam. (a) 500 polygonal elements (2004 degrees of freedom),
(b) 1500 polygonal elements (6004 degrees of freedom), (c) 2500 polygonal elements (10002 degrees of freedom) and
(d) 5000 polygonal elements (20000 degrees of freedom).

Fig. 28: Dynamic response of the cantilever beam subjected to a constant impact tip load. Comparison among the
response curves at the tip of beam for the NVEM using four meshes of increasing density and a reference response
curve obtained with 8-node quadrilateral finite elements (FEM, Q8).

6.6.2. Variable impact load

The beam is initially undeformed and at rest. The impact load at the tip of the beam (point

A) is P = f(t)F , where F = −10000 N and f(t) is defined as

f(t) =

 −500t+ 1, 0 ≤ t ≤ 0.002

0, t > 0.002
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Fig. 29 presents the response curves at point A for the meshes shown in Fig. 27. It is observed

that the accuracy of the dynamic response increases with mesh refinement and that the finer mesh

(mesh (d)) matches very well with the reference finite element dynamic response.

Fig. 29: Dynamic response of the cantilever beam subjected to a variable impact tip load. Comparison among the
response curves at the tip of beam for the NVEM using four meshes of increasing density and a reference response
curve obtained with 8-node quadrilateral finite elements (FEM, Q8).

6.6.3. Harmonic load

The beam is initially undeformed and at rest. A harmonic load defined as P = −10000 cos (ωf t)

N, where ωf = 8 rad/s, is applied at point A. Fig. 30 depicts the response curves at point A for the

meshes shown in Fig. 27. As in the two preceding load cases, the results show that the accuracy

of the dynamic response increases with mesh refinement. Among the meshes considered, the finer

mesh (mesh (d)) provides the best agreement with the reference finite element dynamic response.

7. Concluding remarks

In this paper, we proposed a combined nodal integration and virtual element method, wherein

the strain is averaged at the nodes from the strain of surrounding virtual elements. For the strain

averaging procedure, a nodal averaging operator was constructed using a generalization to virtual

elements of the node-based uniform strain approach for finite elements [64]. This gave rise to

the node-based uniform strain virtual element method (NVEM). In line with nodal integration
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Fig. 30: Dynamic response of the cantilever beam subjected to a harmonic tip load. Comparison among the response
curves at the tip of beam for the NVEM using four meshes of increasing density and a reference response curve
obtained with 8-node quadrilateral finite elements (FEM, Q8).

techniques, two stabilizations were proposed for the NVEM using modified constitutive matrices.

The main distinction between the NVEM and existing VEM approaches for compressible and

nearly incompressible elasticity, such as the B-Bar VEM [7], is that the stresses and strains in the

NVEM are nodal variables just like displacements, whereas in the existing methods the stresses

and strains are element variables.

Several examples in compressible and nearly incompressible elasticity were conducted using

regular, distorted and random discretizations in two dimensions. The NVEM showed accurate,

convergent and stable solutions in the L2 norm and H1 seminorm of the displacement error in all

the numerical tests. An elastodynamic numerical experiment was also conducted for the NVEM.

The dynamic response of the NVEM was found to be in good agreement with reference solutions

obtained with 8-node quadrilateral finite elements. Even though the NVEM and the B-Bar VEM

behave similar in terms of accuracy and convergence, we remark that all the field variables in the

NVEM are related to the nodes, which would obviously ease the tracking of the state and history-

dependent variables in the nonlinear regime. Also, as in meshfree methods and with the state and

history-dependent variables stored at the nodes, the NVEM would be suitable for large deforma-

tions settings with remeshing if a remeshing strategy were designed such that the connectivity is

revaluated while retaining the current set of nodes. This would obviate the remapping of state and
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history-dependent variables between the old and new meshes making the method very attractive.

The aforementioned features provide room for further development of the NVEM. In the short term

perspective, our current work on the NVEM is focused on its extension to materially-nonlinear-

only formulation. In the medium term, we plan to develop its extension to large deformations with

remeshing.
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Appendix A. List of main symbols

b body force vector

b̂ element average of the body force vector

b̂I nodal average of b̂

D constitutive matrix for the linear elastic material

D̃ modified constitutive matrix for the linear elastic material

Dµ modified constitutive matrix for the linear elastic material

E element or domain of the element

e edge of an element

|E| area of the element

|e| length of an element edge

EY Young’s modulus of the linear elastic material

f bE VEM element force vector associated with b

f bI NVEM nodal force vector associated with b

f te VEM element force vector associated with tN

f tI NVEM nodal force vector associated with tN

I a node of the mesh

|I| representative area of node I

KE VEM element stiffness matrix

KI NVEM nodal stiffness matrix

Kc
E consistency part of the VEM element stiffness matrix

Kc
I consistency part of the NVEM nodal stiffness matrix

Ks
E stability part of the VEM element stiffness matrix

Ks
I stability part of the NVEM nodal stiffness matrix

MI NVEM nodal mass matrix

n unit outward normal to the element boundary

na unit outward normal to the a-th edge of the element

nΓ unit outward normal to the domain boundary
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NV
E number of edges/nodes of an element

NV
e number of nodes of an element edge

tN Neumann boundary condition

t̂N edge average of the Neumann boundary condition

t̂N,I nodal average of t̂N

u displacement vector

uD Dirichlet boundary condition

uh discrete trial displacement vector

ua nodal displacement vector

ū mean of the values that u takes over the vertices of an element

v test displacement vector

vh discrete test displacement vector

x position vector

xa nodal coordinates vector

x̄ mean of the values that x takes over the vertices of an element

ε small strain tensor

ε̂ element average of the small strain tensor

εI nodal strain tensor

∂E boundary of the element

Γ boundary of the body

ΓD Dirichlet boundary

ΓN Neumann boundary

λ Lamé’s first parameter

µ Lamé’s second parameter (shear modulus of the linear elastic material)

ν Poisson’s ratio of the linear elastic material

Ω domain of the body

ω small rotation tensor

ω̂ element average of the small rotation tensor

σ Cauchy stress tensor
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